Large Deviations and Adiabatic Transitions 
for Dynamical Systems and Markov Processes 
in Fully Coupled Averaging. 



Yuri Kifer 



Institute of Mathematics, The Hebrew University, Jerusalem 
91904, Israel 

E-mail address: kifer@math.huji.ac.il 



2000 Mathematics Subject Classification. Primary: 34C29 Secondary: 37D20, 

60F10, 60J25 

Key words and phrases, averaging, hyperbolic attractors, random evolutions,large 

deviations. 



The author was partially supported by US-Israel BSF. 



Abstract. The work treats dynamical systems given by ordinary differential 
equations in the form = eB{X^ (t),Y^ (t)) where fast motions de- 

pend on the slow motion (coupled with it) and they are either given by 
another differential equation — = b{X^{t),Y^{t)) or perturbations of an 
appropriate parametric family of Markov processes with freezed slow variables. 
In the first case we assume that the fast motions are hyperbolic for each freezed 
slow variable and in the second case we deal with Markov processes such as 
random evolutions which are combinations of diffusions and continuous time 
Markov chains. First, we study large deviations of the slow motion from 
its averaged (in fast variables Y^) apijroximation X'^. The upper large devi- 
ation bound justifies the averaging apijroxiiiiation on the time scale of order 
l/s, called the averaging principle, in the sense of convergence in measure (in 
the first case) or in probability (in the second case) but our real goal is to 
obtain both the upper and the lower large deviations bounds which together 
with some Markov property type arguments (in the first case) or with the real 
Markov property (in the second case) enable us to study (adiabatic) behav- 
ior of the slow motion on the much longer exponential in l/e time scale, in 
particular, to describe its fluctuations in a vicinity of an attractor of the av- 
eraged motion and its rare (adiabatic) transitions between neighborhoods of 
such attractors. When the fast motion does not depend on the slow one we 
arrive at a simpler averaging setup studied in numerous papers but the above 
fully coupled case, which better describes real phenomena, leads to much more 
complicated problems. 
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Part 1 



Hyperbolic Fast Motions 



1.1. Introduction 



Many real systems can be viewed as a combination of slow and fast motions 
which leads to complicated double scale equations. Already in the 19th century in 
applications to celestial mechanics it was well understood (though without rigorous 
justification) that a good approximation of the slow motion can be obtained by 
averaging its parameters in fast variables. Later, averaging methods were applied 
in signal processing and, rather recently, to model climate-weather interactions (see 
[35], [18] . [36j and |51) ). The classical setup of averaging justified rigorously in [12] 
presumes that the fast motion does not depend on the slow one and most of the work 
on averaging treats this case only. On the other hand, in real systems both slow and 
fast motions depend on each other which leads to the more difficult fully coupled 
case which we study here. This setup emerges, in particular, in perturbations of 
Hamiltonian systems which leads to fast motions on manifolds of constant energy 
and slow motions across them. 

In this work we consider a system of differential equations for ~ y and 

(1.1.1) ^^^sB{X%t),Y%t)), ^Il^^b{X^t),Y%t)) 

with initial conditions X^{0) — x, y^(0) = y on the product R'^ x M where M is a 
compact riM-dimensional Riemannian manifold and B{x,y), b{x,y) are smooth 
in x, y families of bounded vector fields on M'' and on M, respectively, so that y 
serves as a parameter for B and x for b. The solutions of (jl.l.ip determine the fiow 
of diffeomorphisms $* on R'' X M acting by $*(x,2/) = {Xly{t),Yly{t)). Taking 
£ = we arrive at the flow $* = <I>q acting by <i>*(a;,y) — {x,F*y) where F* is 
another family of flows given by F^y — Yx_y{t) with Y — Y^^y — Y^y being the 
solution of 

(1.1.2) ^ = b{x,Yit)), y(0) = y. 

It is natural to view the flow $* as describing an idealised physical system where 
parameters x — {xi, ...jXd) are assumed to be constants (integrals) of motion while 
the perturbed flow is regarded as describing a real system where evolution of 
these parameters is also taken into consideration. Essentially, the proofs of this 
paper work also in the slightly more general case when B and b in (|1.1.1|) together 
with their derivatives depend Lipschitz continuously on e (cf. [54j ) but in order to 
simplify notations and estimates we do not consider this generalisation here. 
Assume that the limit 

(1.1.3) B{x) = By{x) = hm / B{x, F',y)dt 

exists and it is the same for "many" y's. For instance, suppose that /ij, is an ergodic 
invariant measure of the flow then the limit (|1.1.3p exists for /ia;— almost all y 
and is equal to 



B{x) = B^^{x) = j Bix,y)d^i^iy). 



If b{x, y) does not, in fact, depend on x then F^. = i^* and = /i are also 
independent of x and we arrive at the classical uncoupled setup. In this case 
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Lipschitz continuity of B implies already that B[x) is also Lipshitz continuous in 
and so there exists a unique solution X — Xx of the averaged equation 

(1.1.4) ^^^sBiX^t)), X^O)^x. 

In this case the standard averaging principle says (see |72| ) that for /x-almost all y, 

(1.1.5) lim sup \Xly{t) - Xm\ = 0. 

'^^'^ 0<t<T/e 

As the main motivation for the study of averaging is the setup of perturbations 
described above we have to deal in real problems with the fully coupled system 
(ll.l.ip which only in very special situations can be reduced by some change of 
variables to a much easier uncoupled case where the fast motion does not depend 
on the slow one. Observe that in the general case (jl.l.ip the averaged vector field 
B{x) in (jl.l.3p may even not be continuous in x, let alone Lipschitz, and so (jl.l.4p 
may have many solutions or none at all. Moreover, there may exist no natural well 
dependent on a; e R'^ family of invariant measures /i^ since dynamical systems 
may have rather different properties for different z's. Even when all measures fj,x 
are the same the averaging principle often does not hold true in the form (|1.1.5p , for 
instance, in the presence of resonances (see |62| and [55]). Thus even basic results 
on approximation of the slow motion by the averaged one in the fully coupled 
case cannot be taken for granted and they should be formulated in a different way 
requiring usually stronger and more specific assumptions. 

If convergence in (|1.1.3p is uniform in x and y then (see, for instance, |51] 1 
any limit point Z{t) = Zx{t) as e — > of y{t) = X^ yit/^) is a solution of the 
averaged equation 

(1.1.6) ^^BiZm Z(0)=x. 

It is known that the limit in p.l.3p is uniform in y if and only if the flow on 
M is uniquely ergodic, i.e. it possesses a unique invariant measure, which occurs 
rather rarely. Thus, the uniform convergence in (|1.1.3p assumption is too restrictive 
and excludes many interesting cases. Probably, the first relatively general result on 
fully coupled averaging is due to Anosov [l] (see also |62j and |51)). Relying on the 
Liouville theorem he showed that if each flow F* preserves a probability measure fj,x 
on M having a dependent on x density with respect to the Riemannian volume 
m on M and fix is ergodic for Lebesgue almost all x then for any 5 > 0, 

(1.1.7) mes{{x,y): sup \X^ y{t) - X^{t)\ > S} ^ as e ^ 0, 

Q<t<T/e 

where mes is the product of m and the Lebesgue measure in a relatively compact 
domain X C M*^. An example in Appendix to |55j shows that, in general, this 
convergence in measure cannot be strengthened to the convergence for almost all 
initial conditions and, moreover, in this example the convergence (jl.l.Sp does not 
hold true for any initial condition from a large open domain. Such examples exist 
due to the presence of resonances , more specifically to the " capture into resonance" 
phenomenon, which is rather well understood in perturbations of integrable Hamil- 
tonian systems. Resonances lead there to the wealth of ergodic invariant measures 
and to different time and space averaging. It turns out (see that wealth of 

ergodic invariant measures with nice properties (such as Gibbs measures) for Ax- 
iom A and expanding dynamical systems also yields in the fully coupled averaging 
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setup with the latter fast motions examples of nonconvergence as e ^ for large 
sets of initial conditions (see Remark ll.2.12|l . 

In Hamiltonian systems, which are a classical object for applications of aver- 
aging methods, the whole space is fibered into manifolds of constant energy. For 
some mechanical systems these manifolds have negative curvature with respect to 
the natural metric and their motion is described by geodesic flows there. Hyperbolic 
Hamiltonian systems were discussed, for instance, in ,63] and a specific example 
of a particle in a magnetic field leading to such systems was considered recently in 
[73j . Of course, these lead to Hamiltonian systems which are far from integrable. 
Such situations fall in our framework and they are among main motivations for 
this work. This suggests to consider the equation on a (locally trivial) fiber 

bundle A4 — {{x,y) : x € U, y € M^} with a base U being an open subset in a 
Riemannian manifold N and fibers being diffeomorphic compact Ricmannian 
manifolds (see [74] ) . On the other hand, A4 has a local product structure and if 
||_B|| is bounded then the slow motion stays in one chart during time intervals of 
order A/e with A small enough. Hence, studying behavior of solutions of (jl.l.ll) 
on each such time interval separately we come back to the product space M'' x M 
setup and will only have to piece results together to see the picture on a larger time 
interval of length T/e. 

We assume in the first part of this work that b{x, y) is in x and y and that 
for each x in a closure of a relatively compact domain X the flow is Anosov 
or, more generally. Axiom A in a neighborhood of an attractor A^;. Let /i^™ be 
the Sinai-Ruelle-Bowen (SRB) invariant measure of on and set B{x) — 
J B{x,y)dfi^^^{y). It is known (see [16] ) that the vector field B{x) is Lipschitz 
continuous in x, and so the averaged equations p.l.4p and (|1.1.6p have unique 
solutions X^{t) and Z{t) = X'^{t/e). Still, in general, the measures /x^™ are singular 
with respect to the Riemannian volume on M, and so the method of [l] cannot be 
applied here. We proved in [54j that, nevertheless, (|1.1.7p still holds true in this 
case, as well, and, moreover, the measure in (jl.l.7p can be estimated by e '^/^ with 
some c = c{S) > 0. The convergence ()1.1.7p itself without an exponential estimate 
can be proved by another method (see 156) ) which can be applied also to some 
partially hyperbolic fast motions . An extension of the averaging principle in the 
sense of convergence of Young measures is discussed in Section 11.111 

Once the convergence of Z^y{t) = X^y{t/e) to Zx{t) = X^{t/e) as e 
is established it is interesting to study the asymptotic behavior of the normalized 
error 

(1.1.8) V,^;^{t) = e''-\Zly{t)-ZS)), 0e[i,l]. 

Namely, in our situation it is natural to study the distributions m{y : V^'y{-) E A} 
as e —^ where m is the normalized Riemannian volume on M and A is a Borel 
subset in the space Cqt of continuous paths fit), t g [0, T] on R'^. We will obtain 
in this work large deviations bounds for y = V^y which will give, in particular, 
the result from 54 saying that 

(1.1.9) m{y : WVlyWo^T > 6} ^ as e^O 

exponentially fast in 1/e where || • ||o,t is the uniform norm on Cqt- However, the 
main goal of this work is not to provide another derivation of (|1.1.9p but to obtain 
precise upper and lower large deviations bounds which not only estimate measure 
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of sets of initial conditions for which the slow motion exhibits substantially 
different behavior than the averaged one Z but also enable us to go further and to 
investigate much longer exponential in 1/e time behavior of Z^ . Namely, we will 
be able to study exits of the slow motion from a neighborhood of an attractor of 
the averaged one and transitions of Z^ between basins of attractors of Z . Such 
evolution, which becomes visible only on much longer than 1/e time scales, is 
usually called adiabatic in the framework of averaging. In the simpler case when 
the fast motion does not depend on the slow one such results were discussed in 
[48]. Still, even in this uncoupled situation descriptions of transitions of the slow 
motion between attractors of the averaged one were not justified rigorously both 
in the Markov processes case of 128] and in the dynamical systems case of [48j . 
Extending these technique to three scale equations may exhibit stochastic resonance 
type phenomena producing a nearly periodic motion of the slowest motion which 
is described in Section 11.101 below. These problems seem to be important in the 
study of climate-weather interactions and they were discussed in ^18, and [36J 
in the framework of a model describing transitions between steady climatic states 
with weather evolving as a fast chaotic system and climate playing the role of 
the slow motion. Such "very long" time description of the slow motion is usually 
impossible in the traditional averaging setup which deals with perturbations of 
integrable Hamiltonian systems. In the fully coupled situation we cannot work just 
with one hyperbolic flow but have to consider continuously changing fast motions 
which requires a special technique. In particular, the full flow on M'' X M defined 
above and viewed as a small perturbation of the partially hyperbolic system $* plays 
an important role in our considerations. It is somewhat surprising that the "very 
long time" behavior of the slow motion which requires certain "Markov property 
type" arguments still can be described in the fully coupled setup which involves 
continuously changing fast hyperbolic motions. It turns out that the perturbed 
system still possesses semi-invariant expanding cones and foliations and a certain 
volume lemma type result on expanding leaves plays an important role in our 
argument for transition from small time were perturbation techniques still works 
to the long and "very long" time estimates. 

It is plausible that moderate deviations type results can be proved for V^'y 

when 1/2 < 6' < 1 and that the distribution of V^3f,'a^^(-) in y converges to the 
distribution of a Gaussian diffusion process in . Still, this requires somewhat 
different methods and it will not be discussed here. In this regard we can mention 
limit theorems obtained in [14] for a system of two heavy and light particles which 
leads to an averaging setup for a billiard flow. For the simpler case when h does 
not depend on x, i.e. when all flows are the same, the moderate deviations and 
Gaussian approximations results were obtained previously in |49| . Related results 
in this uncoupled situation concerning Hasselmann's nonlinear (strong) diffusion 
approximation of the slow motion were obtained in |55j . 

We consider also the discrete time case where (|1.1.1|) is replaced by difference 
equations for sequences X^(n) = X% y{n) and Y^{n) — Y^y{n), n = 0, 1, ... so that 



(1.1.10) X^{n + 1) - X^{n) = eB{X^{n), Y^n)), 

Y'{n+l)^Fx.iu)Y'{n), X^(0) = F^O) = y 
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where B : X x M. ^ is Lipschitz in both variables and the maps F^; : M ^ M 
are smooth and depend smoothly on the parameter x G R'^. Introducing the map 

<^>,{x,y) = {Xly{l),Yly{l)) = {x + eB{x,y),F,y) 

we can also view this setup as a perturbation of the map ^{x,y) — {x,Fxy) de- 
scribing an ideal system where parameters x e M'' do not change. Assuming that 
Fx, X G Mf^ are depending on x families of either expanding transformations 
or Axiom A diffeomorphisms in a neighborhood of an attractor A^; we will derive 
large deviations estimates for the difference X| y{n) — X^{n) where = X^ solves 
the equation 

(1.1.11) ^^=eB{xm)), X^O) = x 

where B{x) — J B{x,y)dii^^^ (y) and is the corresponding SRB invariant 

measure of Fx on A^;. The discrete time results are obtained, essentially, by simpli- 
fications of the corresponding arguments in the continuous time case which enable 
us to describe "very long" time behavior of the slow motion also in the discrete 
time case. Since our methods work not only for fast motions being Axiom A dif- 
feomorphisms but also when they are expanding transformations we can construct 
simple examples satisfying conditions of our theorems and exhibiting correspond- 
ing effects. In particular, we produce in Section [1 .91 computational examples which 
demonstrate transitions of the slow motion between neighborhoods of attractors of 
the averaged system. 

A series of related results for the case when ordinary differential equations in 
p.l.ip are replaced by fully coupled stochastic differential equations appeared in 
[44] ■ |76] -[78|. [65] . and [5]. Hasselmann's nonlinear (strong) diffusion approxima- 
tion of the slow motion in the fully coupled stochastic differential equations setup 
was justified in [lOj . When the fast process does not depend on the slow one such 
results were obtained in [43], [28] . and [53] . Especially relevant for our results 
here is |77j and we employ some elements of the probabilistic strategy from this 
paper. Still, the methods there are quite different from ours and they are based 
heavily, first, on the Markov property of processes emerging there and, secondly, on 
uniformity and nondegeneracy of the fast diffusion term assumptions which cannot 
be satisfied in our circumstances as our deterministic fast motions are very degen- 
erate from this point of view. Note that the proof in [77) contains a vicious cycle 
and substantial gaps which recently were essentially fixed in [78] . Some of the 
dynamical systems technique here resembles j48j but the dependence of the fast 
motion on the slow one complicates the analysis substantially and requires addi- 
tional machinery. A series of results on Cramer's type asymptotics for fully coupled 
averaging with Axiom A diffeomorphisms as fast motions appeared recently in [4]- 
[7]- Observe that the methods there do not work for continuous time Axiom A 
dynamical systems considered here, they cannot lead, in principle, to the standard 
large deviations estimates of our work and they deal with deviations of X^ from 
the averaged motion only at the last moment and not of its whole path. Various 
limit theorems for the difference equations setup p.l.lOp with partially hyperbolic 
fast motions were obtained recently in |20j and [21j . 

The study of deviations from the averaged motion in the fully coupled case 
seems to be quite important for applications, especially, from phenomenological 
point of view. In addition to perturbations of Hamiltonian systems mentioned above 
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there are many non Hamiltonian systems which are naturaUy to consider from the 
beginning as a combination of fast and slow motions. For instance, Hasselmann |35j 
based his model of weather-climate interaction on the assumption that weather is 
a fast chaotic motion depending on climate as a slow motion which differs from 
the corresponding averaged motion mainly by a diffusion term. Though, as shown 
in [53 1 , '10' and 55' , this diffusion error term does not help in the study of large 
deviations which are responsible for rare transitions of the slow motion between 
attractors of the averaged one, the latter phenomenon can be described in our 
framework and it seems to be important in certain models of climate fluctuations 
(see |18j and [36j). Very slow nearly periodic motions appearing in the stochastic 
resonance framework considered in Section Tl . 1 01 mav also fit into this subject in the 
discussion on "ice ages". Of course, it is hard to believe that real world chaotic 
systems can be described precisely by an Anosov or Axiom A flow but one may 
take comfort in the Chaotic Hypothesis [31] : " A chaotic mechanical system can 
be regarded for practical purposes as a topologically mixing Anosov system" . 

1.2. Main results 

Let F* be a flow on a compact Riemannian manifold M given by a differ- 
ential equation 

(1.2.1) ^^6(^*y), F'y^y. 

A compact F*— invariant set A C M is called hyperbolic if there exists k > and 
the splitting TaM = © r° © T'' into the continuous subbundles T", T^, T" of the 
tangent bundle TM restricted to A, the splitting is invariant with respect to the 
differential DF* of F*, r° is the one dimensional subbundle generated by the vector 
field 6, and there is io > such that for all ^ G F", ?/ e F", and t > to, 

(f.2.2) ll-DF'^ll < e"''*||^|| and \\DF-^t]\\ < e-^^M. 

A hyperbolic set A is said to be basic hyperbolic if the periodic orbits of F*|a are 
dense in A, F*|a is topologically transitive, and there exists an open set J7 D A 
with A — n_oo<t<ooF*J7. Such a A is called a basic hyperbolic attractor if for some 
open set U and to > 0, 

F^°U <ZU and nt>o F*C/ = A 

where U denotes the closure of [/. If A = M then F* is called an Anosov flow. 

f.2.f. Assumption. The family b{x, ■) in hi. 1.2]) consists of C'^ vector fields on 
a compact n-M- dimensional Riemannian manifold M with uniform dependence 
on the parameter x belonging to a neighborhood of the closure X of a relatively 
compact open connected set X C M.^. Each flow F^, x £ X on M given by 

(1.2.3) ^ = 6(x,F*y), F°y = y 

possesses a basic hyperbolic attractor with a splitting Ta^M = FJ © F^ ffi F" 
satisfying il.2.2\) with the same k > and there exists an open set W C M and 
to > such that 

(f .2.4) A^ C W, FlW C WVt > to, and Htyo F^W = A^ Vx G X. 
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Let JJ^{t,y) be the absolute value of the Jacobian of the linear map DF^{y) : 
^xiv) ~^ ^xi^xU) with respect to the Riemannian inner products and set 

The function ^p"(i/) is known to be Holder continuous in y, since the subbundles 
are Holder continuous (see [13] and [59]), and (fixiu) is C*^ in x (see |16|). 

Let W satisfy (fL^ and set W* = {y € W : F^y e W Vs € [0,i]}. A 
set E C W* is called (5, t)— separated for the flow ii y, z G E, y ^ z imply 
d{F^y, F^z) > S for some s S [0, t], where d{-, •) is the distance function on M. For 
each continuous function on W set Pri.{ip,S,t) — sup{^j^g^exp ip{F^y)ds : 
-B C W* is ((5, t) - separated for F^}, P^{iP, 6,t) ^ if W* = 0, and 

Px{i^,S) =\imsnp^logPa;{ip,6,t). 

t — >-oo t 

The latter is monotone in and so the limit 

P,(V) = limP,(V^,5) 

(5^0 

exists and it is called the topological pressure of tp for the flow Fj. Let Mx denotes 
the space of F^— invariant probability measures on A^; then (see, for instance, [59] ) 
the following variational principle 

(1.2.6) PA^) = sup ( / ^Pdfi + h^{Fl)) 

holds true where /i^(F^) is the Kolmogorov-Sinai entropy of the time-one map F^ 
with respect to /i. If g is a Holder continuous function on A^ then there exists a 
unique Fj— invariant measure /i| on A^, called the equilibrium state for + q, 
such that 

(1.2.7) Pxi^:+q) = J {^:+q)df,l + h^.{F^). 

We denote by fi^^^ since it is usually called the Sinai-Ruelle- Bowen (SRB) 
measure . Since A^ are attractors we have that Prc(v5") = (see |13j ). 
For any probability measure on VV define 

(1.2.8) = ( -/^."'^-"M^i) if-eM. 
^ ' ^ ' [ oo otherwise. 

Then 

P^iifi"^ + g) = sup( / qdu - Ix{v)). 



Observe that by the Ruelle inequality (see, for instance, [59 , Theorem S.2.13), 
Ix{v) > 0, and so in view of Assumption 11.2.1] for any i/ E Mx, 

(1.2.9) /.(z/) < sup \^:{y)\ < sup |^^(2/)| < oo. 

It is known that h^(F^) is upper semicontinuous in u since hyperbolic flows are 
entropy expansive ( see [8]). Thus Ixi^) is a lower semicontinuous functional in ly 
and it is also convex (and affine on Mx) since entropy is affine in i' (see, for 
instance, [79] 1. Hence, by the duality theorem (see [2], p. 201), 



Ix{i^)= sup { qdiy-P^{(p^+q)). 
qec(M.) J 
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Observe that this formula can be proved more directly. Namely, if we define Ixii^) 
by it in place of (fTXH]) then ^TTE^ follows for v e Mx from Theorem 9.12 in [79] 
and it is easy to show directly that /^(i^) defined in this way equals oo for any finite 
signed measure v which is not ^FJr-invariant. 

Since we assume that the vector field B is in both arguments (here only 
continuity in y is needed) then for any x,x' € X and a, f3 S R'^ we can define 
H{x, x', 13) = Px{< 13, B{x', •) > +(p^) and H{x, (3) = H{x, x, (3). Then 

(1.2.10) iJ(x,x',/3) =sup,( / </3,S(a;',y) > dv{y) - Ix{y)) 

= suPc^gRd ( < > -L{x,x',a)) 

where 

(1.2.11) L{x, x', a) = inf{4(i^) : / B{x' , v)dv{y) - a} 



ifv G Aix satisfying the condition in brackets exists and L{x, x' , a) = oo, otherwise. 
Since, H{x,x',(3) is convex and continuous the duality theorem (see [2], p. 201) 
yields that 

(1.2.12) L{x,x',a)— sup {<a,(3> -H{x,x',f3)) 

provided there exists a probability measure ly G Aix such that J B(x' , y)dv(y) = a 
and L{x,x' ,a) — oo, otherwise. Clearly, L(x,x',a) is convex and lower semi- 
continuous in all arguments and, in particular, it is measurable. We set also 
L{x, a) = L{x, X, a). 

Denote by Cqt the space of continuous curves jt = j{t), t G [^^T] in X which 
is the space of continuous maps of [0,T] into X. For each absolutely continuous 
7 G Cot its velocity 74 can be obtained as the almost everywhere limit of continuous 
functions n(7t+„-i — 7f) when n oo. Hence 74 is measurable in t, and so we can 
set 

(1.2.13) Soxil) = [ L{-iuit)dt = [ inf{/^,(zy) : 7^ = B^i^t), v £ A^^Jdt, 

where By[x) = j B{x,y)dv{y), provided for Lebesgue almost all t E [0,T] there 
exists ut G for which jt — Bv^^^t), and S'ot(7) = 00 otherwise. It follows from 
[13] and [H] that 

5ot(7) > ^ot(7") = - r P-yr{^Y')dt = 
Jo 

where 7" is the unique solution of the equation 

(1.2.14) il'^Bij^), lo^x, 

where B{z) — B^sYis{z), and the equality Sqt{i) — holds true if and only if 
7 = 7". 

Define the uniform metric on Cqt by 

yot{i,v) = sup |7t - 77t| 

0<t<T 

for any 7, 7/ G Cqt- Set 

'^ot{x) = {7 e Cqt : 70 = a;, S'ot(7) < a}. 
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Since L{x, a) is lower semicontinuous and convex in a and, in addition, L{x, a) = oo 
if \a\ > supj,g]V£ \B{x,y)\ we conclude that the conditions of Theorem 3 in Ch.9 of 
[40j are satisfied as we can choose a fast growing minorant of L(x, a) required there 
to be zero in a sufhciently large ball and to be equal, say, |ap outside of it. As a 
result, it follows that Sqt is lower semicontinuous functional on Cqt with respect 
to the metric roT, and so ^'^^(a::) is a closed set which plays a crucial role in the 
large deviations arguments below. 

We suppose that the coefficients of satisfy the following 

1.2.2. Assumption. There exists K > such that 
(1-2.15) \\B{x,y)\\ci{xxM) + \\b{^,y)\\cHxxM) < K 

where \\ ■ ||c'(A'xM) C*' norm of the corresponding vector fields on X x M. 

Set Xt^{xeX : X| ^(s) e X and X^{s) e X for all y G W, s € [0, i/e], £ > 
0}. Clearly, Xt D {x E X : iniz^gx \x — z\ > 2Kt}. The following is one of the main 
results of this paper. 

1.2.3. Theorem. Suppose that x e Xt and X^y, y are solutions of 
U.1.1]} with coefficients satisfying Assumptions \1.2~l\ and \1.2M . Set Z^ y{t) = 
X^ y(t/e) then for any a, i5, A > and every 7 e Cqt, Jo = x there exists 
£0 = £o(a;, 7, a, 5,X) > such that for e < Eq, 

(1.2.16) m{yeW: roT{Zly,j) < 6} > cxp (^~^{Sot{i) + X)^ 

and 



(a -A) 



(1.2.17) m{ye W: roT(^.%, *gT(a^)) > -5} < exp |-i 

where, recall, m is the normalized Riemannian volume on M. The functional Sqt{j) 
for 7 S Cot is finite if and only if jt — B^^^-yt) for Vt G -M-yt "'^'^ Lebesgue almost 
all t € [0, r]. Furthermore, Sot{j) achieves its minimum only on 7" satisfying 
\1.2.14^ for all t G [0, T]. Finally, for any (5 > there exist c{5) > and eg > 
such that for all e < Eq, 

(1.2.18) m{yeW: v^riZ^y, Z^) > 5} < exp (^-^ 

where = 7" is the unique solution of {1.2.H^ . 

Observe that (|1.2.18p (which was proved already in [54] by a less precise large 
deviations argument) follows from ()1.2.17|) and the lower semicontinuity of the 
functional Sqt and it says, in particular, that Z^ . converges to Z^ in measure on 
the space (>V,m) with respect to the metric Tqt- It is naturally to ask whether 
we have here also the convergence for m-almost all y € W. An example due to 
A.Neishtadt discussed in [55j shows that in the classical situation of perturbations 
of integrable Hamiltonian systems, in general, the averaging principle holds true 
only in the sense of convergence in measure on the space of intitial conditions but 
not in the sense of the almost everywhere convergence. This example concerns the 
simple system / = e(4 + 8 sinyj — /), ~ I with the one dimensional slow motion 
/ and the fast motion cp evolving on the circle while the corresponding averaged 
motion J = I satisfies the equation J = e(4 — J). The resonance occurs here only 
when / = but it suffices already to create troubles in the averaging principle. 
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Namely, it turns out that for any initial condition (/o,(^o) with —2<Io<—l 
there exists a sequence e„ ^ such that .^/^"^^(l/en) < J/g"(l/en) — 3/2 though, of 
course, convergence in measure holds true here (see |62j ). Recently (see and 
Remark ll.2.12p . such nonconvergence examples were constructed for the difference 
equations averaging setup Ijl.l.lOp with expanding fast motions and there is no 
doubt that such examples exist also in the continuous time setup (jl.l.ip when fast 
motions are Axiom A flows as in this paper. Observe also that (|1.2.16p and (|1.2.17p 
remain true (with the same proof) if we replace m there by but as an example 
in [llj shows we cannot, in general, replace m there by an arbitrary Gibbs measure 
of FJ. 

Next, let F C A" be a connected open set and put y{V) — inf{t > : 
^lyit) i ^} where we take Tl^y(y) = c» if Xl y(t) e V for all t > 0. The following 
result follows directly from Theorem ll.2.31 

1.2.4. Corollary. Under the conditions of Theorem \1.2.S\ for any T > and 

lime_^o£fog™{y e W : Tl. y{V) < T} 
= -inf {S'ot(7) : 7 e Cot, t e [0,T], 70 = x,-/t^V}. 

Precise large deviations bounds such as p.2.16p and ()1.2.17p of Theorem 11.2.31 
(which will be needed uniformly on certain unstable discs) are crucial in our study 
in Sections ll.7l andl l.8l of the "very long", i.e. exponential in 1/e, time "adiabatic" 
behaviour of the slow motion which cannot be described usually in the traditional 
theory of averaging where only perturbations of integrable Hamiltonian systems are 
considered. Namely, we will describe such long time behavior of in terms of the 
function 

R{x, z) = inf {Sotil) : 70 = a;, 7f = z} 

t>0,76Cot 

under various assumptions on the averaged motion Z . Observe that R satisfies the 
triangle inequality i?(a;i,a;2) + R(x2tX^) > R{xi,X3) for any xi,X2,X3 G X and it 
determines a semi metric on X which measures "the difficulty"' for the slow motion 
to move from point to point in terms of the functional S. 
Introduce the averaged flow H* on Xt by 

r7TT*T 

(1.2.19) — - = S(n*a;), x G Xt 

dt 

where, recall, B(z) = B^snsiz) and B,y{z) = / B{z,y)dv{y) for any probability 
measure v on M. Call a n*-invariant compact set C C A" an ^-compact if for any 
rj > Q there exist T^i > and an open set J7,, D O such that whenever x E O and 
z EUri we can pick up t € [0, T,,] and 7 € Cot satisfying 

70 = 2^, It^ z and 5'ot(7) < 77. 

It is clear from this definition that i?(a;, z) = Q for any pair points x, z of an in- 
compact O and by the above triangle inequality for R we see that R{x, z) takes on 
the same value when z G X xs, fixed and x runs over O. We say that the vector 
field S on A" X M is complete at a; € A" if the convex set of vectors {/3J3i/(a;) : 
/? G [0, 1], V E Aix} contains an open neigborhood of the origin in R''. In Lemma 
11.6.21 we will show that if O C A" is a compact n*-invariant set such that B is 
complete at each x G O and either O contains a dense orbit of the flow 11* (i.e. 
n* is topologically transitive on O) oy R{x,z) = for any x,z £ O then O is an 
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S'-compact. Moreover, to ensure that O is an S'-compact it suffices to assume tliat 
B is complete only at some point of O and the flow 11* on O is minimal , i.e. the 
n*-orbits of all points are dense in O or, equivalently, for any 77 > there exists 
T{r]) > such that the orbit {n*a;, t e [0,T{ri)]} of length T{r]) of each point 
X £ O forms an 77- net in O. The latter condition obviously holds true when O is 
a fixed point or a periodic orbit of H* but also, more generally, when H* on O is 
uniquely ergodic (see |59j . [64] . [791 ). Among well known examples of uniquely 
ergodic flows we can mention irrational translations of tori and horocycle flows on 
surfaces of negative curvature. 

A compact n*-invariant set O C A" is called an attractor (for the flow 11*) if 
there is an open set U D O and tjj > such that 

n*^i7 C [/ and lim dist(n*z, O) = for all z e U. 

t — >oo 

For an attractor O the set V = {z ^ X : limt^oo dist(n*z,C') — 0}, which is 
clearly open, is called the basin (domain of attraction) of O. An attractor which is 
also an S'-compact will be called an S-attractor . 

In what follows we will speak about connected open sets V with piecewise 
smooth boundaries dV. The latter can be introduced in various ways but it will 
be convenient here to adopt the definition from [17] saying that dV is the closure 
of a finite union of disjoint, connected, codimension one, extendible (open or 
closed) submanifolds of MJ^ which are called faces of the boundary. The extendibility 
condition means that the closure of each face is a part of a larger submanifold of 
the same dimension which coincides with the face itself if the latter is a compact 
submanifold. This enables us to extend fields of normal vectors to the boundary of 
faces and to speak about minimal angles between adjacent faces which we assume 
to be uniformly bounded away from zero or, in other words, angles between exterior 
normals to adjacent faces at a point of intersection of their closures are uniformly 
bounded away from tt and — tt. The following result which will be proved in Section 
11.71 describes exits of the slow motion from neighborhoods of attractors of the 
averaged motion. 

1.2.5. Theorem. Let O d X be an S-attractor of the flow IT* whose basin 
contains the closure V of a connected open set V with a piecewise smooth boundary 
dV such that V <Z X and assume that for each z S dV there exists w = zu^z) > 
and an F^— invariant probability measure v — on A^ such that 

(1.2.20) z + sB{z) e but z^^ sB^{z) e M'* \ F for all s e (0, m], 

i.e. B{z) ^ 0, Bii[z) ^ and the former vector points out into the interior while 
the latter into the exterior ofV. Set Rd{z) — iuf{R{z, z) : z G dV} and dminiz) — 
{z € dV : R{z,z) = Rq{z)}. Then Rd{z) takes on the same value Rq and drain{z) 
coincides with the same compact nonempty set dmm for all z ^ O while Rg{x) < Rq 
for all X £ V . Furthermore, for any x G V, 

(1.2.21) lim e log / JV)dm{y) = Rg > 

and for each a > there exists X{a) — X{x, a) > such that for all small e > 0, 

(1.2.22) m{yeW: e^^^"")/" > t^JV) or t'^JV) > e(^«+")/"} < e'^^"^/'. 
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Next, set 

eiit) = Ql-\t) - f ly\u,io){Zl{s))ds 
Jo 

where Us{0) = {z Cz X : dist{z, O) < 6} and Ir(-z) = 1 if z CzT and — 0, otherwise. 
Then for any x ^ V and S > there exists X{S) = A(a;, S) > such that for all 
small e > 0, 

(1.2.23) m{y e W : eiyirl^iV)) > e-^^'y^T^^jV)} < 6"^^/^ 
Finally, for every x Cz V and S > 0, 

(1.2.24) lim m{2/ G W : dzsf(Z^_^(<^(l/)), 5,ni„) > S} = 

provided Rg < oo and the latter holds true if and only if for some T > there exists 
7 S C'oT, 7o O, jT dV such that 74 ~ B^^ (jt) for Lebesgue almost all t G [0, T] 
with Vt G ■M.-y^ then Rq < 00. 

Theorem l 1 . 2 . 51 asserts . in particular, that typically the slow motion Z"^ performs 
rare (adiabatic) fluctuations in the vicinity of an 5'-attractor O since it exists from 
any domain U D O with ?7 C V for the time much smaller than t'^{V) (as the 
corresponding number Rg = Rqu will be smaller) and by (|1.2.23[) it can spend in 
V \ Us{0) only small proportion of time which implies that exits from U and 
returns to Us{0) (exponentially in 1/e) many times before it finally exits V. We 
observe that in the much simpler uncoupled setup corresponding results in the case 
of O being an attracting point were obtained for a continuous time Markov chain 
and an Axiom A flow as fast motions in |28) and [48j . respectively, but the proofs 
there rely on the lower semicontinuity of the function R which does not hold true in 
general, and so extra conditions like ^-compactness of O or, more specifically, the 
completness of _B at O should be assumed there, as well. It is important to observe 
that the intuition based on diffusion type small random perturbations of dynamical 
systems should be applied with caution to problems of large deviations in averaging 
since the S*- functional of Theorem 1 1 . 2 . 31 describing them is more complex and have 
rather different properties than the corresponding functional emerging in diffusion 
type random perturbations of dynamical systems (see [30j). The reason for this is 
the deterministic nature of the slow motion Z^ which unlike a diffusion can move 
only with a bounded speed, and moreover, even in order to ensure its "diffusive like" 
local behaviour (i.e. to let it go in many directions) some extra nondegeneracy type 
conditions on the vector field B are required. 

Our next result describes rare (adiabatic) transitions of the slow motion Z^ 
between basins of attractors of the averaged flow 11* which we consider now in the 
whole and impose certain conditions on the structure of its cj-limit set . 

1.2.6. Assumption. Assumptions \1. 2. 1\ and \1.2.S\ hold true for X = W^, the 

family {F^, t < I, x €W^} is a compact set of diffeomorphisms in the topology, 

(1.2.25) 11^(2;, y)||c2(K.xM) <^ 

for some K > Q independent of x,y and there exists tq > such that 

(1.2.26) {x, B{x, y)) < -K^^ for anyy eW and \x\ > tq. 

The condition l|1.2.26p means that outside of some ball all vectors B{x, y) have 
a bounded away from zero projection on the radial direction which points out to 
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the origin. This condition can be weakened, for instance, it suffices that 
Um mi{R{x, z) : dist(x, z) > d} ~ oo 

d — ^oo 

but, anyway, we have to make some assumption which ensure that the slow motion 
stays (at least, for "most" initial points y G W) in a compact region where really 
interesting dynamics takes place. 

Next, suppose that the w-limit set of the averaged flow H* is compact and 
it consists of two parts, so that the first part is a finite number of S-attractors 
Ci, Of whose basins Vi, ...,Ve have piecewise smooth boundaries dVi, dVe and 
the remaining part of the w-limit set is contained in Ui<j<idVj. We assume also 
that for any z G (^i<i<kdVj., k < £ there exist tu = w{z) > and an F^-invariant 
measures i^i, ...,iyk such that 

(1.2.27) z + sB,yJz) e Vj^ for all s e {0,vd] and i = l,...,k, 

i.e. B,^. (z) ^ and it points out into the interior of Vj- which means that from 
any boundary point it is possible to go to any adjacent basin along a curve with 
an arbitrarily small S'-functional. Let 5 > be so small that the (5-neighborhood 
Us{Oi) = {z E X : dist(z,C'i) < S} of each Oi is contained with its closure in the 
corresponding basin Vi. For any x E Vi set 

Tl^ii) = inf {i > : Zlyit) e U,^.,Us{Oj)}. 

In Section [L8l we will derive the following result. 

1.2.7. Theorem. The function Rij{x) = vaiz^Vj R{Xt z) takes on the same 
value Rij for all x E Oi, i j . Let Ri = miuj^^jx^ Rij. Then for any x € Vi, 

(1.2.28) limslog / (i)dm{y) = R, > 

and for any a > there exists X{a) — X{x, a) > such that for all small e > 0, 

(1.2.29) m{y e W : e^^'-"^^' > r^yii) or T^^y{i) > e(^'+")/'^} < e^-^^")/^ 
Next, set 

er(t) = er^Ht) = f iv.\u,io.){zi{s))ds. 

Jo 

Then for any x E Vi and 5 > Q there exists X{5) — \{x,5) > such that for all 
small £ > Q, 

(1.2.30) m{y e W : e^:;«,(z)) > e-^(''/^<,(i)} < 

Now, suppose that the vector field B is complete on dVi for some i < £ (which 
strengthens \1.2.2'T^ there) and the restriction of the Lo-limit set of 11^ to dVt consists 
of a finite number of S-compacts. Assume also that there is a unique index b{i) < 
£, ^ i such that Ri — RiL(i)- Then for some A = X{x) > and all small e > 0, 

(1.2.31) m{yeW: Z^,,«,(z)) ^ < e'^/^ 

Finally, suppose that the above conditions hold true for all i — !,...,£. Define 
''o{i) = h '''vih 1) = ■''«(*) c*^*^ recursively, 

ik{i) = t(tfc-i(i)) and T^{i,k) = T^{i,k~ 1) + (j(w£(fc - 1))), 
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where v^{k) — '^'"^^'^^v, j{{x.y)) ^ j if x G Vj, and set S?(fc, a) = 

X]/Li "^xp + a)/^)- Then for any x E Vi and a > there exists 

X{a) = X{x, a) > such that for all n Cz N and sufficiently small e > 0, 

(1.2.32) m{y e W : Sf (A:, -a) > r^yii, k) or 
T^yii, k) > Sf (fc, a) for some k < n} < ne^^^")/"^ 

and for some A — X{x) > 0, 

(1.2.33) m{y e W : ^|,j,(<^(«, k)) ^ V,^^,) for some k < n} < ne-^'^. 

Generically there exists only one index l{i) such that i?^ = and in this 

case Theorem 11.2.71 asserts that Z% y, x & Vi arrives (for "most" y G W) at Vt(i) 
after it leaves Vi. If X{i) — {j : Ri = Rij} contains more than one index then 
the method of the proof of Theorem 11.2.71 enables us to conclude that in this case 
Z^y, X G Vi arrives (for "most" y £ W) at Llj(zx{i)Vj after leaving Vi but now we 
cannot specify the unique basin of attraction of one of Oj 's where y exits from 
Vi . If the succession function l is uniquely defined then it determines an order of 
transitions of the slow motion Z"^ between basins of attractors of Z and because 
of their finite number Z^ passes them in certain cyclic order going around such 
cycle exponentially many in 1/e times while spending the total time in a basin 
Vi which is approximately proportional to e^'/^. If there exist several cycles of 
indices io, ii, ik-i, ik = io where ij < £ and ij^i =^ t-{ij) then transitions between 
different cycles may also be possible. In the uncoupled case with fast motions 
being continuous time Markov chains a description of such transitions via certain 
hierarchy of cycles appeared in |28j and |30j without detailed proofs but relying 
on some heuristic arguments. In our fully coupled deterministic setup a rigorous 
justification of the corresponding description seems to be difficult in a more or less 
general situation though for some specific simple examples (as, for instance, those 
which are considered in Section [L^)) this looks feasible while it is not clear whether 
it is possible to describe in our situation a limiting as t ^ oo behaviour of the slow 
motion Z^{t) when e is small but fixed. 

The proof of Theorems 1 1 . 2 . 5) Tl . 2 . 71 and to certain extent also of Theorem II .2. 31 
rely, in particular, on certain "Markov property type" arguments which enable us 
to extend estimates on relatively short time intervals to very long time intervals 
by, essentially, iterating them where the crucial role is played by a volume lemma 
type result of Section 11.31 together with the technique of (t, (5)-separated sets and 
Bowen's (t, (5)-balls on unstable leaves of the perturbed flow Moreover, the 
proof of p.2.32p and (|1.2.33p require certain rough strong Markov property type 
arguments which enable us to study the slow motion at subsequent hitting times 
t| j^(z,n) of small neighborhoods of attractors of the averaged motion. 

In order to produce a wide class of systems satisfying the conditions of Theorem 
ll.2.7l we can choose, for instance, a vector field B{x) on whose w-limit set satisfies 
the conditions stated above for the averaged system together with a family of vector 
fields B{x,y) on M.'^ (parametrized hy y G M) such that J^I3{x,y)dii^^^{y) = 
and then set B{x, y) — B{x) + B{x, y). As a specific example we can take the flows 
F^, X E ML = (—00,0) to be geodesic flows on the manifold M with (changing) 
constant negative curvature x, i? to be a one dimensional vector fleld on IS} and 
B{x,y) can be just a function B{y) on M with zero integral with respect to the 
Lebesgue measure there. 
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In Section 11.91 we will derive similar results for the discrete time case where 
differential equations (ll.l.ip are replaced by difference equations (I1.1.10|) . Namely, 
recall that a compact subset A of a compact Riemannian manifold M is called 
hyperbolic if it is _F-invariant and there exists k > and the splitting TaM = 
r" © r" into the continuous subbundles , F" of the tangent bundle TM restricted 
to A, the splitting is invariant with respect to the differential DF of F, and there 
is no > such that for all ^ € F*, 77 € F", and n > no the inequalities (|1.2.2p 
with t replaced by n hold true. A hyperbolic set A is said to be basic hyperbolic if 
the periodic orbits of F|a are dense in A, F|a is topologically transitive, and there 
exists an open set [/ D A with A = n_oo<n<oo^"C^- Such a A is called a basic 
hyperbolic attractor if for some open set U and tiq > 0, 

F'^^'UcU and n„>o F*f7 = A 

where U denotes the closure of C/. If A = M then F' is called an Anosov flow. If F 
is a endomorphism of M and there exists k > such that > e'*||^|| for 

all ^ £ TM then F is called an expanding map (or transformation) of M. It will be 
convenient for our exposition to use the notation of the expanding subbundlc F" 
also in the case of expanding maps where, of course, F" = TM. We replace now 
Assumption 1 1 . 2 . 1] bv the following one. 

1.2.8. Assumption. The family F^ = $(2;, •) in I11.1.10\) consists of C^- 
diffeomorphisms or endomorphisms of a compact n-^- dimensional Riemannian 
manifold M with uniform dependence on the parameter x belonging to a neigh- 
borhood of the closure X of a relatively compact open connected set X C M''. All 
Fx, X £ X are either expanding maps of M or diffeomorphisms possessesing basic 
hyperbolic attractors with hyperbolic splittings satisfying lll.2.S\) with the same 
K > and there exists an open set W C M and no > satisfying 1^1.2.4^ with n in 
place oft. 

Let Jxiu) be the absolute value of the Jacobian of the linear map DFx{y) : 
F"(y) — > T^{Fxy) with respect to the Riemannian inner products and set 

(1.2.34) ^^(y)=- log J:(y). 

The function (p'^{y) is known to be Holder continuous in y, since the subbundles F" 
are Holder continuous (see ^59)). and (fixiv) is in x (see |16j). The topological 
pressure Px{'>P) of a function ip for F is defined similarly to the continuous time 
(flow) case above but now time should run only over integers and the integral 
/p ■>Jj{Fxy)ds should be replaced by the sum 

121=0 ^(F'^y) (see ;59 ). Again the 
variational principle (|1.2.6|) holds true and if g is a Holder continuous function on 
Ax there exists a unique _F|r— invariant measure /i| on A^:, called the equilibrium 
state for cp'^ + q which satisfles (|1.2.7p . In particular, /i° = M^^^ is usually called 
the Sinai-Ruelle-Bowen (SRB) measure. Since A^^ are attractors we have that 
Px{(Px) = (see |13j ) and the same holds true in the expanding well. 
Next, we deflne Ix{v), H{x,x' ,j3), H{x,l3), L{x, x' , a), L{x,a), Sot{i)i and 7" as 
in (|1.2.8p and (|1.2.10p - (|1.2.14p . In place of Assumption 11.2.21 we will rely now on 
the similar one concerning the equation (ll.l.lOp . 

1.2.9. Assumption. There exists K > Q such that 



(1.2.35) 



ll-B(a;,y)||ci(A'xM) + \\^{x,y)\\c^{x-Km) < K 
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where the first \\ ■ ||ci(A'xM) "is the norm of the corresponding vector fields on 
A" X M and the second expression is the norm ( with respect to the corresponding 
Riemannian metrics) of the map $:A'xM^A'xM acting by y) = {x, Fxy). 

1.2.10. Theorem. Assume that Assumvtions \77278\ and \1.2.9\ are satisfied and 
that X'^in) = y{n), n = 0, 1, 2, ... is obtained by ll.l.lO]) . Fort e [n, n+1] define 
X^{t) = [t- n)X^{n + 1) + (n + 1 - t)X^{n) and set Zl y{t) = X^^ y{t/e). Then 
Theorem \1.2.3\ and Corollary \1.2.4\ hold true with the corresponding functionals Sot- 
Theorems \1. 2. 5\ and \1.277\ hold true, as well, under the corresponding assumptions 
about the family {Fx, x G X} (with X = in the case of Theorem \1.2.7\ ) and 
about the averaged system hi. 1.11]) (in particular, about its attractors) in place of 
the system il.l.6\) . 

In Section [1.91 we exhibit computations which demonstrate the phenomenon of 
Theorem 11.2.71 in the discrete time case for two simple examples where F^y are 
one dimensional maps y ^ 3y + x (mod 1) and the averaged equation has three 
attracting fixed points. 

In the last Section 11.101 we discuss a stochastic resonance type phenomenon 
which can be exhibited in three scale systems where fast motions are hyperbolic 
flows (hyperbolic diffeomorphisms, expanding transformations) as above depend- 
ing on the intermediate and slow motions while the intermediate motion performs 
rare transitions between attracting fixed points of corresponding averaged systems 
which under certain conditions creates a nearly periodic motion of the slow one 
dimensional motion. 

1.2.11. Remark. Computation or even estimates of functionals Soxij) seem 
to be quite difficult already for simple discrete (and, of course, more for continu- 
ous) time examples since this leads to complicated nonclassical variational problems. 
This is crucial in order to estimate numbers Rij which according to Theorem \1.2.7\ 
are responsible for transitions of the slow motion between basins of attractors of the 
averaged system. 

1.2.12. Remark. The estimate i 1.2. 18]) shows that Z^^y tends as e ^ to 
uniformly on [0, T] in the sense of convergence in measure m considered on the space 
of initial conditions y g M. A natural question to ask is whether the convergence 
for almost all (fixed) initial conditions also takes place in our circumstances. In 
[llj we give a negative answer to this question, in paricular, for the following simple 
discrete time example 

{Xly{n + l),Yly{n + l)) 

= {Xlyin)+ssm{27rYlyin)), 2^4(7.) + X|^^(n) (mod 1)). 

Identifying and 1 we view y variable as belonging to the circle in order to fit into 
our setup where the fast motion runs on a compact manifold. The averaged equation 
il.1.11]) has here zero in the right hand side so the averaged motion stays forever at 
the initial point. The discrete time version of hi. 2. 18]) asserted by Theorem \1.2.10\ 
implies that 

(1.2.36) max \X^^ Jn) - x\ ^ as e ^ 

0<n<l/e 

in the sense of convergence in (the Lebesgue) measure on the circle but we show in 
[llj that for each x there is a set of full Lebesgue measure on the circle such 
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that if y (z Tx then limsup as e — )■ of the left hand side in 111.2.36]) is positive, i.e. 
there is no convergence for Lebesgue almost all y there. Namely, it turns out that for 
almost all initial conditions there exists a sequence — > such that the fast motion 
Y^^y{n) stays for a time of order l/si close to an orbit {2"u (mod 27r)}, n > 
of the doubling map with v being a generic point with respect to a Gibbs invariant 
measure of this map satisfying sin{2nv)dii{v) ^ which prevents U.2. 36\) . 

1.3. Dynamics of $* 

For readers convenience we exhibit, first, in this section the setup and neces- 
sary technical resuhs from [54] and though their proofs can can be found in [54] 
we provide for complctness and readers' convenience their slightly modified and 
corrected version also here. 

Any vector ^ € T{R'^ x M) = M''©TM can be uniquely written as ^ = C'^ 
where € TW^ and G TM and it has the Riemannian norm ||j^||| = IC^I + 
1 1 ^^11 where | • | is the usual Euclidean norm on M'' and || • || is the Riemannian 
norm on TM. The corresponding metrics on M and on M'' x M will be denoted 
by c^M and dist, respectively, so that if zi = {xi, wi), Z2 = {x2, W2) ^ K'' x M then 
dist{zi, Z2) — \x\ — X2I + rfM(wi, ^2)- It is known (see |68j ) that the hyperbolic 
splitting Ta^M — rj©r!^0r" over A^; can be continuously extended to the splitting 
TwM = rj. ® r° ® over W which is forward invariant with respect to DF^ and 
satisfies exponential estimates with a uniform in x € A" positive exponent which we 
denote again by k > 0, i.e. we assume now that 

(1.3.1) \\DFli\\<e-'^'\\i\\ and \\DF-W\ < e'-'M 

provided ^ G ^%{w), t\ g V'f.[Fl.w), t > to, and w € W. Moreover, by [H] (see 
also |70) ) we can choose these extensions so that rj(w) and T^{w) will be Holder 
continuous in w and in x in the corresponding Grassmann bundle. Actually, 
since W is contained in the basin of each attractor A^^, any point w G W belongs 
to the stable manifold W^(u) of some point v G (see |13j ). and so we choose 
naturally r|(w;) to be the tangent space to W^iv) at w. Now each vector £ 
Tx,w{X X W) = T^X © T^W can be represented uniquely in the form ^ = ^■^ + 
'+ C° + r with e TxX, e T%[w), e Tl{w) and C e Tl(w). We denote 
also f"" and = ^« + fO. For each small e, a > set C"(e, a) = S 

T{X X W) : We^W < ea-2||e||and||f^|| < ea-^eW} and Q„(£, a) = C"(£, a) n 
Tx,w{XxW) which are unstable cones around F" and F"(it;), respectively. Similarly, 
we define ^^(e, a) = G T{X x W) : < ea-^W^'W andU^\\ < ea-^W^'W} 

and C|„,(e,a) = ^^(£,0) n T^.wiX x W) which are stable cones around F* and 
F J (w), 'respectively Put {X x W)t = {{x,w) : <i>^{x,w) £ {X x W) Vu £ [0,t]}, 
where, recall, is the flow determined by the equations (|l.l.ip . 

1.3.1. Lemma. . There exist ao, e{a), ti > such that if z — (x,y) £ {X xyv)t 
and t > ti, a < ao, e < s{a) then 

(1.3.2) i?,$*C(e,a) cQ*,(£,a), Cf (e, a) D 7^,$-*C|*,(£, a), 
and for any ^ £ C"(£,a), f] £ C^t^is^a), 

(1.3.3) iWD.mw > e^^'iiieiii, iii^.^r'^iii > e^'^lhiii. 

Proof. Let ^ = C'^ + + C"' e T^{X x M), D,^^^-^ = C = C"^ + C + e 
T^t^iX X M), z = {x,y), DyF^C = 77", and DyF*^°'' = 7]°'. Then D^**^ = 
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C'^ + (C+r?") + (C°^+77°') and W\\ = ||C'^||, ||C"|| < Ce^'Wl |1C°1| < Ce^''M''l 
< C\\£.°'\\ for some C > 1 independent of ^ and ||7/"|| > e'=*|id| if t > to. 
Hence, for t > to, 

IK" + ^y^ll > \\rf\\ - IICII > e^lni - Ce^'^U^W 

and 

lie"' + ^"11 < iic°ii + ik/"ii < ce^* 11^-^11 + c^iie°ii- 

If C e C^{e,a) then ||e|| > ae-^U'^W and ||dl > a^e-^U^'W- Hence, by the 
above, 

IIC" + ^"11 > "£"'(^6"* - ea~^Ce^*)U^\\ + ^e'''a^e^^U'^'\\. 

Set ti — K^^ln6, choose a < Q^^'^/'^ and e — e{a) < a'^/AC. Then we obtain 
that Dj^*^ e C^tz{£,2a) for all t G [ti,t2], and so by continuity of the splitting 
© r° ® and by perturbation arguments it follows that e C|;t^(e, a) 

for all t G [ti,2ti] provided e is small enough. Repeating this argument for t G 
[iti, (i + l)ti], i — 2,3, .. we conclude the proof of the first part of (|1.3.2p and its 
second part follows in the same way. 
Next, for ^ G C"(£,a) and t > to, 

wiD.^'m > hii - iic^ii - iicii - iic°ii - > e«*iirii 

-(1 + 2Ce^*)||e'^|| - C\\f'\\ > {e^* - a'^il + 2Ce^') - a-^eC)\\C\\ 
> (e"* - a^l + 2Ce^') - a-^£C){l + ea'^ + ea-^y^\U\\\. 
Choose ao, e{a) so small (for instance, e{a) — a"^) that for all a < aQ and e < e{a), 
e«* - ea-\l + 2Ce^*) - ea-^C > (1 + ea-^ + eor'^)ei'^^ 

for aU t G [ii,2ti]. Then, |||D;,$*^||| > ei'=*|||^||| for all such t, and so if e small 
enough we have also ||I?2$*^|| > e2''*||^||. Using (|1.3.2p and repeating this argument 
for Dz^^^^i,, i = 1,2, ... in place of ^ we derive (ii) for all t > ti. The proof for 
stable cones C|(e,a) is similar. □ 

For any linear subspace S of Tz(M'' x M) denote by J^{t, z) absolute value of 
the Jacobian of the linear map -Dz$* : S Z?2$*E! with respect to inner products 
induced by the Ricmannian metric. For each z = (a;, y) G M'' x M set also 

(1.3.4) J,"(t,z)=exp(- /Vx^ is){Yly{^))ds)- 

Jo "'^ 

Let Uu be the dimension of F" (w) which does not depend on x and w by continuity 
considerations. If S is an dimensional subspace of Tz{X x W), z = {x, y), and 
S C C^y{e,a) then it follows easily from Assumption 1 1 . 2 . 21 and Lemma Tl . 3 . 1 1 that 
there exists a constant Ci > independent of z G A" x W and of a small e such 
that for any i > 0, 

(1.3.5) (1 - Cef < Jf{t, z){J^{t, z))-i < (1 + Ci£)*. 

Recall, that an embedded , k = 1,2 Z— dimensional disc D in M'' x M, / < 
d + nss/i is the image of an Z-dimensional disc (ball) K in M'^+'im centered at 
under a diffeomorphism of a neighborhood of in into K.'' x M and we 

define the boundary dD of D as the image of the boundary dK of K considered in 
the corresponding Z-dimensional Euclidean subspace of R'^+"". Denote by U{z,p) 
the ball in E"^ x M centered at z and let I?"(2;, a,p, C), C >lhe the set of all 
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embedded rtu— dimensional closed discs D C X xW such that z E D, TD C C"(e, a) 
and if w G dD then Cp < dnivjz) < C^p where TD is the tangent bundle over 
D and c?d is the interior metric on D. Each disc D e 'D'^{z,a, p,C) will be called 
unstable or expanding and, clearly, D C U{z,C'^p) and if e/a'^ and p are small 
enough and C > 1 then dist(ti,z) > p for any v £ dD. Let Z) e I?^ ((x, y), a, p, C) 
and z e Z? C A" X W. Set Uf){t,z,L) = {z E D : d$jD($|z, ) < L Vs G [0,t]} 
and let TTi : X ^ X and 7r2 : A" x W ^ W be natural projections on the first 
and second factors, respectively. 

1.3.2. Lemma. Let s, a, t, {x,y) be as in Lemma \l.3.1\ and T > 0. There exist 
Po,c,Cp^T,C' > 1 such that if p < po, D E T>"{{x,y),a, p,C), z E D, Vs^t{z) — 
$JC/|,(i, z, Cp), Vt{z) = Vt^tiz), V = Vo^tiz) d D andt>0 then 

(i) dv,_^{z){^lv,^lz) < c~ie-^''(*-«)dy^(^)($*u,$*z) < c-iCpe-^«(*-^) for 
any v EV and s € [0,t], where djj is the interior distance on U; 

(ii) TVs.t{z) C C"(e,a) and Vt{z) e V'^{<S>lz,a, p,VC) provided dD n 
UUt,z,Cp)^%; 

(Hi) For all V eV and < s <t, 

(iv) Cp_T < rnj){V)J^(t, z) < c~}p provided t < T/e, where m£> is the induced (not 
normalized) Riemannian volume on D. 

Proof, (i) Let 7 be a smooth curve on Vt{z) connecting a = and b = 
then 7 = <i>|~*7 is a smooth curve on T4,t(z) connecting and <i>|u. Since Tj C 
TVs{z) C C"(e,a) then by PX^ . length(7) > e'=(*-'')/2iength(7) if t - s > ti. 
Then for such t and s, 

dvAKv,'^>lz) < length(7) < e-'=(*-'^/^length(7). 

Observe that (i) is nontrivial only for large t — s, so minimizing in 7 in the above 
inequality we derive the assertion (i). 

Next, we derive (ii). Its first part follows from (|1.3.2p . By the definition of V, 
d'Vt{z){w, z) < Cp for any w £ dVt{z). It remains to show that dvt(z){w, z) > \fCp 
for any w G dVt{z). Indeed, suppose dvt{z){w,z) < \fGp. Set 

di= sup W^v^lW- 

-ti<s<0,t)eA'xW 

Next, we conclude via perturbation arguments that di > provided e is small 
enough. Let w = It follows from Lemma [1.3. II that dv,(z)i^e^, ^e^) < d\-\fCp 
for all s e [0, t]. Hence, if \fC > di then v ^ dV, and so w ^ dVt{z). 

In order to derive (iii) take an arbitrary smooth curve 7 on Vs^t{z) connect- 
ing and $|z. Then ^ = 7(5) G q(^)(e,a). It follows that if 7(5) = 
(7'*(s), 71^(5)) with j^{s) e X and -f^{s) e M then j^{s) = /^(s) + 7"(s), 
||7'^(s)|| < £a^i||7"(s)||, ||7°''(s)|| < ea^^\\j''{s)\\, and so 

|||7(s)lll > \\ris)\\ \\i''is)\\ - 117'^ (5)11 > ||7"(5)ll(l - ea-' - sa-'). 

Hence 

\\j''{s)\\<ea-\l-ea-'-ea-Y'\\\jis)\l 

and so 

\ni^lv ~ 7ri$^z| < ear^(X ~ " £a"^)"Mength(7). 
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Minimizing the right hand side here over such 7 we obtain (iii) using (i). Finally, 
(iv) follows from ()1.3.5|) . (i), (ii), and the Holder continuity of <y9" (as a function on 
XxW). □ 

For each y G Ax and g > small enough set W^(y, = {y € W : 
dm{Fly,Fly) < g > 0} and W^iy^g) = {y G W : dm{Fly.Fly) < g yt < 0} 
which are local stable and unstable manifolds for at y. According to |39j and |68j 
these families can be included into continuous families of n'^ and n"— dimensional 
stable and unstable discs p) and W"(j/, g), respectively, defined for all 

y G W and such that W^{y,g) is tangent to F*, W"(?/, is tangent to F", 
F'xW^iy, g) C W^iF'.y, g), and W^iy, g) D F-'W^iF^y, g). Actually, as we noted 
it above if y € W then y belongs to a stable manifold W^{y) of some y & and 
we choose W^iy, g) to be the subset of W^iy)- 

1.3.3. Lemma. For any < pi < po small enough and a continuous function g 
on X X W uniformly in D G ^^{Zja, p,C), a;' G A", z G A" x W and p G [pi,po]j 

(1.3.6) ^hm ilog^exp (^^ g{x' , Fl^,^2v)dr^ dmoiv) = P^.M^' , ■) + cp^J 

where mo is the induced Riemannian volume on D. 

Proof. Set W — tt-zD, x — ttiz and y G 7r2Z. By standard transversality 
considerations we can define a one-to-one map n : W ^ nW C W^iy^Cp) by 
tt{w) = w & F^W^{w, Cp) provided a, p, |r| > are small and C > is sufficiently 
large. By the absolute continuity of the stable foliation arguments (see, for instance, 
[64j . Section 3.3) we conclude that tt and its inverse have bounded Jacobians. It 
follows that it suffices to establish ()1.3.6p for D — {x} x W where W = W^(y,7) 
uniformly in 7 G [70, 7cr^]> 7o > 0. 

Set Wr = F^W, Wr,q = Ur<r<qF^W and 

/ exp{ f gix\F^v)dT)dmv{v). 
Jv Jo 

Then 

C^' it) = Iw. exp ( /,* g{x', F^v)de)dmw^ (v) 
= J^exp{J^+'g{x',F^v)d0)JJi{T,v)dmw{v), 

and so 

re-'ir+r)M\jW^^f^ < i^^.r.^^t) < re(^+^)(2|l^ll + ll-"ll)4^,,(t) 

where || • || is the supremum norm on X xW. Since W C Uv^\^W^{v) by [13j then 
given ?7 > there exist 7(77), T{ri) > 0, v e A^, and U C U-r<e<rFxWx{v) such that 
for any 7 < 7(77) we can define a one-to-one map 4> : U ^ 1/Ft-(^) by 4>{w) G 

W^(w, rj). By standard absolute continuity of the stable foliation considerations (see 
[64], Section 3.3) it follows that (j) and its inverse have bounded Jacobians which 
together with the above arguments yield that it suffices to prove Lemma H .3.31 only 
when y G Ax, and so (see |13|). W = W^iy, 7) C Aa;. We observe also that without 
loss of generality we can assume 7 to be sufficiently small since we can always cover 
W;^{y,l) by W^iyiT/), i = \,...,k with yi ^ y, k ^ Kin) and small 7 < 7, so 
proving Lemma [1.3.31 for all such W"(yi,7) will imply it for W"(y,7) itself. 

So now assume that W = W^iy, 7) C A^; and we claim that for any 77 > there 
exists t(77, 7) > such that Wo,r forms an 77— net in A^; for any r > r(77, 7). Indeed, 
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by topological transitivity there exists v & Kx whose orbit is dense in A^, and so by 
standard ergodicity considerations with respect to any ergodic invariant measure 
with full support on A^; (take, for instance, the SRB measure) we conclude that 
for any r already {F^^v, r > r} is dense in A^;. Then by transversality of and 
UgF^Wx there exists r > such that F^v G W^{w, 7) for some w W, and so the 
forward orbit of w is dense in A^;, whence our claim holds true. By compactness and 
structural stability considerations it follows that we can choose the same T(r/, 7) for 
all y e W and x e X. 

For any set V C put Uv{t,yX) ^ {v € V : d{F^y,F^v) < C Vr e [0,i]}. 
Recall, that a finite set C A^^ is called (C, t)— separated for the flow F^ if y, y S 
E, y ^ y implies y ^ Ua^ {t, y, C). A set £' C A^; is called ((^, i)— spanning if for any 
y E Ax there is y G E such that y G U\^{t,yX)- Let Wo,r be an 77— net in A^; 
and i? be a maximal (C, t)— separated subset of Wq.t- Then J/v^o.^ 2/^ C/2), y & E 
are disjoint sets. By transversality of Wo,r and there exists Ci > such that 
for any y € A^^ we can find v{y) € Wo,r such that y € W^(w(?/), Ci??), and so 
for some w{y) & E, y £ UA^{t,w{y),C2{C + v)) with some C2 > large enough 
but independent of x,y,(:V- Hence, E is (C2(C + 77), <)— spanning, and so Wo,t C 
Uyg£;C/vyo^(t, y, C2(C + ??))• Assume, first, that g = g{x',v) in (|1.3.6p is Holder 
continuous in v. Then by standard volume lemma arguments (see [13j ) we obtain 
for V — Uwo,^ {t, y,l), 1 > and y e Wo,r that 

I log/y exp ( g{x', F^v)dr)dmv{v) 
- Jo {9{x', F^y) + v:{F^y))dr\ < ^(7) 

where C{j) > does not depend on x,x',y,t. Now (I1.3.6P follows from the above 
integral estimates and the uniform in (7, f)— separated and (7, t)— spanning sets 
approximation of the topological pressure (see, for instance, |8] and [27j ). For a 
general continuous g approximate it uniformly by Holder continuous functions and 
(|1.3.6p will follow in this case again. The limit (|1.3.6p is uniform in x' and in z since 
Pp^_^^{g{x' , ■) + ^p^^z) uniformly continuous in x' (easy to see) and it is uniformly 
continuous in z (see jl6j ) and, furthermore, it follows from Lemma 5.1 from |16| 
that the family i log exp ^ g{x' , F^_^^'K2v)drj dmniv), t > 1 is equicontinuous 
in z. □ 



1.3.4. Proposition. For any p,C,b > with C large and Cp small enough 
there exists a positive function C.i,,p,t{^, s, £) such that 



(1.3.7) 



limsuplimsuplimsup Cf,_p^T(A, s, e) — 

A^O e^O s^oo 



and for any x,x' £ X, y £ W, t > ti, t < j - t, (3 G R'*, < b, D E 
I?"((a;, y),a, p,C), z £ D and V ~ Uf){t, z, Cp) satisfying V dD — % we have 



(1.3.. 



i log/^ exp(/3, B(x', Y^'{s))ds)dmD{v) + \ log J-(t, z) 



-P.,.,{{fi,B{x',-))+^l^z^) 



< Cb,p,T{eT, min(T, (log ^Y), e) 



where (•,•) is the inner product, zt — ^\z, A € (0,1), and mo is the induced 
Riemannian volume on D. 
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Proof. By (fTXTj) and (ll.2.15|) for any w,w eR'^ xW, 

<^'w) < d{w, w) + /g - 
< d{w, w)+K d{^^w, 

where, d = dist and, recall, (f> = $o- Then, by Gronwall's inequality 

< e^'d{w,w). 

Hence, 

dM{'^2^tw, F^^^^TT2W) < d{^tw,^''{TTiZr,n2w)) < C^^ItTiW - TTiZr]. 

Recall, that by Lemma ri.3.2r iii) for any w £ Vr{z), r < t, 

\TTiZr — iTiw\ < Cc^^pea^^{l — eoT^ — ea^^)~^. 

Set 

4^(7;,r,g) =exp(/3, T ^2($»)ds). 

J r 

Then 

(1.3.9) / I^,{v,r,r + s)dmD{v) = / l^,{w,0, s)J^™ {—r,'w)dmv^{z){w) 

where Vb,r(-z) = Uf){r, z,C p), S„ is the tangent space to Vr{z) at w and my^^j,) is 
the induced Riemannian volume on Vr{z). By (|1.3.4p . p.3.5p . Lemma [T3?2ji), and 
the Holder continuity of the function (^■", 

(1.3.10) C2\l + Ciey < jf-{-r,w)J^{r,z) < Call-Cie)"" 

for some C2 > independent of e, r, z £ D and w £ Vr{z). Since Vr{z) £ 
^^^{zrTa, p, \/C) by Lemma 11.3. 2r ii). it follows from (|1.2.15p and the above es- 
timates that 

(1.3.11) Me,s)r' < Jy^^^^l^^,{w,0,s)dmy^^,){w) 

^ {ivr(z) {P^ lo -^(^'' ^niz^T^2w)da)dmv^(z)iw)'j < Vb{£-, s) 

where 

i/fc(£,s) = 2 + C3exp(C36e^^e), 

C3 > is a constant independent of e, p, 6, r, z, x' and /3 e K'' with < b. 

Next, choose A £ (0, 1) and e{e) £ [(log i)^, 2(log i)-^] so that n = r/6'(e) is an 
integer. If n < 1 then pTSTS)) follows from ((OJl) - (|1.3!lip and Lemma [031 Now, 
let n > 1, fc < n and v £ Vo,t(z)- Then by (|1.2.15p and Lemma [1.3.2r i) for any 

w £ Vo^t+ke(6){v), 

Cl^ < l'^,(w,t,t+{k + l)0{e)) 
X (^/^, {v, t, t + ke[e))Il, (u., t + ke{e), t + [k + l)e(e))^ < C4 

and 

(1.3.12) C^^ < II, (v, t, t + ke{e)) {II, {w, i, t + kO^e)))"^ < C4 
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where C4 = C4{b) = e^^^'^P^ « . Integrating the inequaUties above we obtain 

(1.3.13) ^4-1 < 4^ {w, t,t+ik + me))dmD{w) (^/^, {v, t, t + k9{e)) 

From the estimates p.3.9p - (|1.3.1ip together with Lemma 11.3.31 we conclude that 
for some C5 > independent of t, fc, e, p, v, and x' , 

(1.3.14) C^'e-<>(^>'^^^(^\i.,{e,e{s))y' < Jy^^^^^^^^^^^y^,,iw,t + k9{e), 
t+ik + l)e{e))dmD{w)J^{t + kd{e), v) exp ( - e(£)i^F,,„^^^^^^, ((/3, •)) 

+^';j,.,^,,,.,)) <e''(-)''^-(-)i.b(£,0(e)) 

where = and 'qi,^p{e) > 0, rib^p{e) ^ as e ^ 0. Observe that by (jl.l.ip . 
(I1.2.15P and Lemma [TX^ iii). 

Ki''^t+fce(£) ^ T^iZf I < ifer + Cc~^pea~^{l — ea~^ — ea"^)""'", 

and so setting P = Pf^-^,^ {{P, B{x' , •)) + (f^^^J we obtain by (|1.2.15p and [H] (see 
also [60] and [70]) that 

(1.3.15) |P - Pf.,.^^^^^^^ B{x\ ■)) + < Car 

for some Cg = Ce{b) > independent of w, A: < n, e, t, z, x', and /3 e M'' with |/3| < b 
provided, say, r > 1 which we can assume without loss of generality. 

A finite set E C D will be called (s, 7, e, D)— separated if Vi,Vj ^ E, Vi ^ Vj 
implies that Vi ^ Uf-,{s,Vj,j). Let Ek be a maximal (i + fc0(£), Cp, £, D)— separated 
set in D and define 

Ej! = {veEk: UI:>{t + ke{e),v,Cp)nU ^d)}. 

Then for fc > 1, 

(1.3.16) Uh{t,z,j + akCp) D U uf^(t...-,,UUt + k9{e),v,Cp) D Uh{t,z,j) 

where ak — c^^e^^'^''^^^'' and the left hand side of (|1.3.16|) follows from Lemma 
11.3. 2f i) assuming that e is small enough. Observe also that Ufj{t + k6{e),v, Cp/2) 
are disjoint for different v S E^. For k = 1,2, ...,n — 1 set V{k, p) = Uf){t, z, Cp{l + 
E;=fc g,) ) andF ( -fc,p) = UUt, z, Cp{l - E'Pk with Vin, p) = V = Fo,t(z). 
Then by (|1.3.12p - p.3.16p and Lemma dXHiii) , 

/y(fc+i,p) t,t+{k + l)e{e))dmD{w) 

< E^eB^^C'+i.") (fc + l)6'(e))dmc(w) 

+ {k + l)e{e))dmD{w) < C5C4e»(^)(''^-(^)+^«^^+^)^^b(e,^^(£))E„gi^-('=+l.p) 
{J^{t + k0{e), v)y^Il, («, t, i + fc6i(£)) 
< CsClc;/^ j,e»(^)('"'.p(^)+c^«^"+^)zy6(£,0(e)) 
X E^gB^^C^ + i.P) /c/|,(t+fc9(e),«,Cp/2) ^'{w,t,t + k9{e))dmD{w) 
< C5C|c;/2_j,e^(-)('"'.p(-)+c^«--+^)i.b(£,0(£)) /^(^_^) /^,(«;,t,i + fc0(£))dmz3(«;). 
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Similarly, we obtain 

/v(-(fc+i),p) ^x'iw, t,t+{k + l)0{e))dmD{w) 

X Iv{-k.p) Ix'{w,t,t + ke{e))dmD{w). 
Emloying these estimates recursively for k — n — — 2,...,1 and estimating 
/v(±i p) ^x' {"^1 ^' t + 9{e))dmo{w) by (|1.3.14p with fc = and with V{±.1, p) in place 
of Vf,.t(v) we derive (ITASll with Cb,p,T(A, s, e) = s"! log (CsCKc^^ + c^/2.t)) + 
VbA^) + Vb,p/2{£) + 2(6'(e))"^ logi/6(e, 6'(£)) + CgA provided n > 1. □ 

Next, under Assumption 11.2.61 we derive a volume lemma type assertion (see 
|13| ) which will be needed in Sections 11.71 and 11.81 and which will hold true on any 
time intervals and not just on time intervals of order 1/e as in Lemma ll.3.2f iv). In 
order to do so we will consider a subset of embedded discs from I?" (2, a, p, C) 
taking special care of their bounds. 

Namely, let Expj^ : Ty'M. ^ M be the exponential map which is a diffeomor- 
phism of Vg = G Ty'M : ||^|j < S} onto the open (5— neighborhood Us{y) of y 
provided 5 > is small enough. Given x, x e M'', y G M and ^ € T^M set 

Xx,y{i,Cl = {x + x, Expj^^) 

which is a diffeomorphism of x onto x Us{y). Let D g a, p, C), 

z = {x,y), y S W be an embedded disc. Assuming that C^p < S we can 
define D = Xx^yi^^) which is a hypersurface in {x : \x\\ < 6} x V/. If S is 
sufficiently small then the tangent subbubndle TD over D still stays close to r"(y), 
and so we can represent Z? as a parametric set {rj, (p{ri), x{ri)) where rj e r"(y), 
ip{ri) £ ro^(y) and x{r]) G R'^. We wih write that D e X>^(z, a, p, C, L) if the 
parametric representation of the corresponding D as above satisfies 

maxmax(|f^|,f^|)<X. 
i,j,k,i 'I orjkO'qi ' orjkOrji " 

1.3.5. Lemma. There exists ti > to such that for any t > ti we can choose 
(5 > small enough and L > large enough so that if D £ V^lzja, p,C, L) and 
C^p < 6 then 

{v e : Z3($*z, v) < C^p} e V'ii'^lz, a, p, C, L). 

Proof. Since the differential DoExpj^ of the exponential map at zero is the 
identity map it follows from the definition of 'D^{z, a, p, C) that 



max max 1 



\dvi{'n) 1 


9xj{v) 1 




drik 



) <C(£,<5) 



where c(e, 6)^0 (uniformly in all D as above) as e,S ^ 0. Let z = {x, y) and set 

fx,y,E ~ "^<t>\{x,y) ° ° Xx,y 

which for each fixed i > and a sufficiently small 5 > (depending on t) defines 
a diffeomorphism of x V'^ onto its image. By (|1.3.2p the tangent subbundle 
over is contained in C"(e, a), and so for small (5 > the tangent subbundle 
T{fl. y fi) over fx^y^^D stays close to r|(y) where x = 7ri$*(z) and y = iX2^\{z). 
Hence, we can represent fx,y^e{D) in a parametric form (ji,ip{ij),x{fi)) where fj S 
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'fiv) e rf{y) and x(ij) e M"*. Fix some t > to so that (fTAS]) holds true. 
Write /* 5(77, (p, a;) = {fi,(p,x), so that, in particular, 

fx,y,A'^^'P{'n),x{-q)) = {fi,if{i']),i{fi)). 

Then 

(1.3.17) 77 = Ar/ + a^^s{r],(p,x), (p = Bip + b^^s{'q,(p,x), x = x + c^^s{r],(p,x) 

where rj & T'^{y), (p & r°'*(y), a; £ M*^, A is an n" x n"-matrix, B is an n"*" x n^^- 
matrix with n^^ = riM — ri" and 

(1.3.18) \\aej{'n,ifi,x)\\ci + \\h,s{v,f,x)\\ci + \\c^,s{v,V,x)\\c^ < c{e,6) 

for all {r],ip) G and |a;| < S where c(e,(5) ^ as e, ^ ^ 0. By (ll.2.15p . (fTXTj) 
and Assumption 11.2.61 it follows that there exists a constant i? > such that for 
any ^ e ro^(y), a; G K'', y e M, 

(1.3.19) pF^eil <i?IICIl. 

By (jl.S.ip we can choose t > large enough and then e and 5 small enough so that 
foraU?7Gr^(y), 

(1.3.20) P77II > (l + i?)||77||. 

Now t is fixed and we can choose e and 6 so small that ()1.3.19|) implies that, 

(1.3.21) ||B||<l + i?. 

In order to shorten notations for every vector function /(C) = (/i(C): /i(C)) j 
C = {(i,...,Ck) we denote by ^ the Jacobi matrix {dfi{()/d(j) and by we 
denote the collection {d^fi{C)/d(jd(k)- We set also 

_ — max 



Observe that by Assumptions 11.2. 1[ 11.2.21 and 11.2.61 for any t > there exists 
Rt > such that 

(1.3.22) sup sup ||$"||c2 < R 

6<1 \u\<t 

and 

(1.3.23) ma.x{\\ae,s{v,f,x)\\c2, \%j{r],if,x)\\c2, \\ce,s{v,f,x)\\c2) <2R+1. 
It follows by p.3.17p - (|1.3.23p (with natural product notations) that 

< \\^\\il + R)-^ + cie,6)R 
■ uri~ ■■ ■■ u'ri~ uq utj uij- ' " 

and 



I Qfj2 II II Qj^2 ^Qfj' Qfj2 11 — 11 Q^^2 



II^Tp"!! II (9?7'^ dr]^ drjd^ Or] drjdx drj ~d^p^ \ drj J 

+2^ 1 1 + %^(t )1 < (1 + + (2i? + 1)(1 + c(e, 5))^ 
Similarly, 

ll^ll < {l + R)L+{2R+l){l + R)-^{l + c{e,5)f + c{e,5)R. 
II II 
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Choosing L > R-^{2R + R + 2) we obtain that if 

I 9^93 II ||9^a:| 

Q^2 II ' II Qy2 

then 

l^ll II — 
drj'^ II ' II ^^2 

and the assertion of Lemma [1.3.51 foUows . □ 



I I /~iry^^ II II /"i TT^ I I -* 



^ 1 1 riin-^ II II ri<n-^ 1 1 



The main purpose of the previous result is to derive the foUowing volume lemma 
type assertion which plays an essential role in Section 11.61 

1.3.6. Lemma. For any (3 £ (0, C'^p) there exists c^j > such that if D E 
D'^(z, a, p, C, L) and L is large enough then for any t > Q and v,w d D satisfying 
w e UI){t,v,P) C D, 

(1.3.24) Cf3 < mD{Uh{t,v,l3))j^-''{t,w) < 

Proof. Set Vs,t = %Ul,(t,v,l3) and V* = Vt,t. Similarly to Lemma [TMIii), 
Vt € I?"(<i>* w, a, (3C~^, VC), and so by uniformity considerations there exists C/3 > 
independent of v,t and D as above such that 

(1.3.25) cp<mv,{Vt)^ I J^-° {t,w)dmD{w) < r^K 

Juf,{t,v,0) 

Choose ; e N so that t2 = t/l e 2ti) and set Wk = $f Vk = Then for 

any w G Uf){t,v,(3), 

i-i 

(1.3.26) j]^-^{t,w) - Y[ Je^"'^''"^■*(^2,^«fe) 

k=0 

and by Lemma ll.3.2f il. 

(1.3.27) dy,,^_, {wk,vk) < c-i/3e-^^('^'=)*^ . 

By (|L331) . (|1.3.22|) . (|1.3.26|) . and (|1.3.27p together with Lemma [03] we conclude 
that there exists a constant C* > such that 

(1.3.28) |lnjj™'=''^'-'(t2,u'fe)-lnjj"^'''='-'(i2,«fc)| <Ce-^''('-'=)*^ 
Now (|1.3.24p follows from (|1.3.25p . (|1.3.26p . and (|1.3.28p with 

=g^exp(- 2(7(1-6-^"*^)-^). 

□ 



1.4. Large deviations: preliminaries 

We will need the following version of general large deviations bounds when 
usual assumptions hold true with errors. An upper bound similar to (jl.4.3p be- 
low appeared previously in [54] . For simplicity we will formulate the result for 
M''— valued random vectors though the same arguments work for random variables 
with values in a Banach space. The proof is a strightforward modification of the 
standard one (cf. [46]) but still we exhibit it here for readers' convenience. 
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1.4.1. Lemma. Let H = H{[3), rj = ri{j3) he uniformly bounded on compact sets 
functions on M'' and {S^, t > 1} be a family of M.'^— valued random vectors on a 
probability space {Q,J-',P) such that < C < oo with probability one for some 
constant C and all t > 1. For any a > and a, /?o € K'' set 

(1.4.1) sup ((Aa)-i?(/3)), L,(a) = L^(a), L(a)=ioc(a). 

/3eR<i,|/3+/3o|<Q 

(i) For any A, a > there exists Tq = r(A, a, C) such that whenever for some r > Tq, 
l3o e and each f3 eW' with |/3 + /3o| < a, 

(1.4.2) Hri(3) = log^e"<'3,H.) < ^^^^ ^ 
f/ien /or any compact set JC C M'', 

(1.4.3) P{S, e /C} < cxp (-T(Lf''(/C) - 77* - A|/?o| - A)) 
where 

(1.4.4) ryf" = sup{?7(/3) : |/3 + /3o| < a} and if^^) inf -^^'C")- 

('iij Suppose that ao G M'^, < a < oo and there exists /Sq G M.'^ such that |/3o| < a 
and 

(1.4.5) i/(/3o) = (/3o,ao)-ia(ao). 
// {1.4^.2^ holds true then for any 5 > Q, 

(1.4.6) P{|S, - aol <5}< exp (-r(La(ao) - viM - (5|/3o|)) ■ 

(iii) Assume that aoii5o G 1^'* satisfy For any A, a > i/iere exists tq = 

t(A, a, C) suc/i ifta< whenever for some t > tq and each (3 G M'' \(3\ < a the 
inequality \1.4-.2^ holds true together with 

(1.4.7) log £:e^<'3,H.) > j^(^) _ 
f/ien /or any 7, (5 > 0, 7 < 

(1.4.8) P{|S, - aol < (5} > exp (-T(i(ao) + viM + iW)) 

X (1 - exp ( - r(Lf°(/C^,c(ao)) - Va - vWo) - MPo\ - A))) 

where 

Lf"(a) = La(a)-(/3o,a)+i/(/3o), 

Lfo(/C) = inf„eKZ^°(«), = /C^,c(ao) = Tkm\U^{ao), U^{a) = {d : 
|a — a| < 7} and U denotes the closure of U . 

Proof, (i) By (|1.4.ip for any a e ICc = IC n Uc{0) and A > there exists 
Px{a) G R'^ such that 

(1.4.9) |/3A(a)+/3o| <aand {Pxia),a) - H{Ma)) > L^^«{a) ^ X/2. 

Set 7a,A(a) = |- niin(l, a^^) and cover the compact set ICc by open balls 
^7a xi'^)^ ^ ^c- Let U^^ x{ai)^ ^7a A(aTi) ^ finite subcover with a minimal 
number n of elements. Observe that n does not exceed the maximal number of 
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points in Uc'{0) with pairwise distances at least ■^ja.x and the latter number de- 
pends only on C, a and A. By (|1.4.2p and (I1.4.9P for each i — 1, n, 

> g-rA/2_gj[„ T((/3A(a,),Q,)-|/3o|A/2-H(/3A(a.))) 
g.(Lfo(„.)-|/5o|A/2-A/2)p|2^ ^ C/^^^(„,)(a,)}. 

Since L^^oCa.) > ifH^) and |S^| < C then summing these inequalities in i = 1 , . . . , n 
we obtain 

(1.4.10) P{Er elC} = P{Er e ICc} < iogn-A/2) 

Since n is bounded by a number depending only on A, a, and C we can choose 
To = To{X,a, C) so that Tq"^ logn < A/2 which together with p.4.10p yield (|1.4.3p . 

(ii) By (frt:2l) and (031) . 

and (|1.4.6|) follows. 

(iii) By p.4.5|) and p.4.7p for any 7 < (5, 

(1.4.11) P{|S, - aol <5}> P{|S, - aol < 7} 



> e 



where i?f " is the expectation with respect to the probability measure 
such that 

dp ~ 

Now by (|1.4.2p and (|1.4.5p for any /3 G M'' with |/9 + /?o| < a we obtain that 

(1.4.12) T-HogE^"e^'^f''^-^ = HriP + (3o) - HrilSo)) < H^'^ifS) +f''{f]) 
where i/'3»(/3) = (/? + /3o) - i?(/3o) and77'3o(/3) = 77(/3 + /jo) + ?/(/3o)- Observe that 

(1.4.13) sup ((/3,a)-i?'3"(/3)) =La(a)-(/3o,a)+i?(/3o) = if"(a). 

/3eR<',|/3+/3o|<a 

Thus, applying (i) on the probability space {il,J-,P^°) we derive that 

(1.4.14) P^«{\Er - aol > 7} < exp ( - r(Lf«(/C^,c(ao)) - Va - viM - MPo I - A)) 

provided r > To for a sufRciently large To — to(A, a, C). This together with ()1.4.11|) 
yield (ITX5)l . □ 

1.4.2. Lemma. Lei S'„, n = 1, 2, ... 6e a nondecreasing sequence of lower semi- 
continuous functions on a metric space M and let S — lim„^oo Sn- Assume that S 
is also lower semicontinuous and for any compact set K, <Z M denote 

SniJC) — inf S'„(7) and S{IC) = inf 5(7). 

7G/C 7e/c 

Then 

(1.4.15) lim Sn{IC) = S{IC). 
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Proof. By the lower semicontinuity of Sn and S and by compactness of /C it 
follows that there exist 7n,7 € /C such that S'„(7„) = Sn{IC) and S{'^) — S{IC). 
Passing if needed to a subsequence assume that 7„— >7e/Casn— >cx). Since 

(1.4.16) SnilC) = Sni^n) < S^i^) 

then 

(1.4.17) limsupS'„(/C) < S{^) = S{JC). 

n — *oo 

Assume now that S{JC) < oo. Since 

SilC) = 5(7) < Sij) 
then for any £ > there exists n{e) such that 

(1.4.18) 5(7)<5„(e)(7) + £- 

By the lower semicontinuity of S'„(e) (7) it follows that for m > n{e) large enough 

(1.4.19) 5(7) < 5„(e)(7m) + 2e < 5™(7„) + 2e 

where we use also that Sm, to = 1, 2, ... is a nondecreasing sequence. Since (jl.4.19p 
holds true for any m > n{s) large enough and for each e > we can pass there to 
the limit so that, first, m ^ 00 and then e — > yielding that 

S{IC) < liminf S'„(/C) 

m — >oo 

which together with p.4.17p give p.4.15p under the condition S{JC) < 00. If S{IC) = 
00 then S{'y) = 00 and for any ^ > there exists n{A) such that 5'„(7) > A for 
any n > n{A). By the lower semicontinuity of Sn we conclude that Sni'Jm) > A 
for m > n large enough which implies that S„i{jm) > A for all sufficiently large to. 
Hence 

(1.4.20) liminf S„-,{)C) = liminf S'„(7„) > A 

rn — *oo m — *oo 

and since A is arbitrary the left hand side of (|1.4.20p equals infinity, i.e. again 
(|1.4.15p holds trues with both parts of it being equal 00. □ 

In the next section we will employ the following general result which will enable 
us to subdivide time into small intervals freezing the slow variable on each of them 
so that the estimate (jl.3.8p of Proposition 11.3.41 becomes sufficiently precise and, 
on the other hand, we will not change much the corresponding functionals Sqt 
appearing in required large deviations estimates. This result is certainly not new, 
it is cited in [78] as a folklore fact and a version of it can be found in [58], p. 67 but 
for readers convenience we give its proof here. 

1.4.3. Lemma. Let f — f{t) be a measurable function on equal zero outside 
of [0,T] and such that \f{t)\dt < 00. For each positive integer m and c G [0,T] 
define fm{t, c) = /([(< + c)A^^]A — c) where A — T/m and [■] denotes the integral 
part. Then there exists a sequence — > 00 such that for Lebesgue almost all 

ce [o,r], 

(1.4.21) lim / |/(i)-/„.(t,c)|dt = 0. 
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Proof. For each S > there exists a function g on equal zero outside 
of [0, T] and such that 

(1.4.22) r \g{t)~f{t)\dt<S/T. 



Define gm{t, c) as above with g in place of /. Then 

(1.4.23)/„'^dc/;^ |5„(t,c) - /™(t,c)|dt < J^dcEZ, l5(*A - c) - /(zA - c)|A 

= Erii A/r \9{u) - .f{u)\du = Er=i AEr=o /ii^'^^ - 

JfcA 



= A Er=o'(^ - k) - f{u)\du < TJ^ \g{u) - f{u)\du < S. 



We have also 

(1.4.24) / / \g„,{t,c)-g{t)\dtdc<A sup g'it). 

Jq Jo o<t<T 

Since 

\f{t) - fruit, c)\ < |/(t) - g{t)\ + \g{t) ~ 5m(t,c)| + |5m(i,c) - /™(t,c)| 
it follows from (ll.4.22|) - ()1.4.24p that 

lim / / |/(t)-/„(i,c)|dtdc-0. 

This together with the Chebyshev inequality and the Borel-Cantelli lemma yield 
(|1.4.2ip for some sequence m.^ oo and Lebesgue almost all c € [0, T]. □ 

1.5. Large deviations: Proof of Theorem 1.2.3 

1.5.1. Lemma. Let Xi,Xi e A", « ~ 0, 1, iV, = to < ^i < ••• < t^-i < tj^ = 
T, A = maxo<i<Ar_i(ii+i - U), = [x^ - Xt^i){U - ii_i)"\ n{t) = max{j > : 
t > tj}, ip{t) = Xn(t), V eX xM., 

ft] 

mv,x) = (i, / B{x,Y^{s/e))ds, 



3 

and for t G [0, T\, 

(1.5.1) Zliit) ^x+ f B(^(s), Y,%s/e))ds. 

Jo 

Then 

(1.5.2) |S,n«,x,.i) - (t, - t,^,)-'{Z^^{t,) - Z,nt,_i))| 

(1.5.3) supo<,<i |2';5;|'(s) - ip{s)\ < |a; - xol + maxo<j<„(t) \xj - Xj\ 

+KA + n(t)Amaxi<j<„(t) |S^(w,ij_i) - 

and 

(1.5.4) sup \ZUs)~Z^J{s)\<e^\\mv-x\+Kt sup |z;-^(s) - V(s)|) 

0<s<t ■ 0<s<t 

where, recall, Z^(s) = X^{s/e) and ■niv = z Cz X if v = (z,y) Cz X x M. 
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Proof. By (|1.2.12p . 

\{t, - t,^,)^{v,x,^,) - {Zlit,) - zi{t,^^))\ < jli^ |i?(x,_i,i;-(f)) 

-B{Zl{s),Y-^{^))\ds < jll^ -i?(Z,-(t,_i),>?(f))| 
+ \B{Zl{t,_,),Y^{^^)) ^ B{Zl{s),Y,-{^))\)ds < K{t,-t,_,)\Zl{t,^^) 
+Kil^_^ \Zl{s) - Zl{t^_^)\ds < K{tj - - 

and p.5.2p follows. 
Observe, that 

and (fT3:^ follows in view of (|1.2.15p . Next, by p.2.15p . 

- < ki^^ - 2;| + /; \B{Zl{u),Y^{^)) 

-B{Zl'j^{u),Y^-{^))\du + /; \B{Zl^j^{u),Ya^)) - i?(^(u),y,^(f ))|du 
< Kit; - x\ +Kj; \Z^:^{u) - i;{u)\du + K |Z^(u) - 
and (|1.5.4p follows from the Gronwall inequality . □ 
For any x' , x" G X and /3, ^ G M'' set 

L6(x',x",0= sup {{f3,0-H{x',x",f^)), 

/3GR'',|/3|<fc 

and Lbix,^) = ^^(x,^,^) with H{x',x",P) given by (|1.2.10p . 

1.5.2. Proposition. Let xj^tj, S^j, N, A,T and &e i/ie same as in Lemma 
\1.5.1\ and assume that 

(1.5.5) A = min it,+i - tA > A/3. 

0<i<Ar-l 

Fix also p > so that Proposition \1.3.'^ holds true. 

(i) There exist > 0, £o(A) > and Crib) > independent of x,Xj,Xj,S^j 
such that if S < So and e < eo(A) then for any b > 0, 

(1.5.6) m{yeW: maxi<j<7v |S^((a;, y), Xj_i) - | < (5} 

< exp { ~ i( Ef=ife - i,-i)Lb(i,_i, C,) - Vb,T{£, A) - Crmd + 5))} 

where d = \x — Xo\+ maxo<j<Ar \xj — Xj\, rjij ^is, A) does not depend on x, Xj,Xj,^j 
and 

(1.5.7) lim limsupTyf, T(e, A) = 0. 

In particular, if for each j = 1, N there exists (3j G such that 

(1.5.8) L(i„0) = (/3„e,)-if(i„/3,) 
and 

(1.5.9) max I/?, I < 6 < oo 

l<j<Af ■' 

then hl.5.6\) holds true with L{xj,S.j) in place of Lb{xj,S.j), j = 1, ...,iV. 
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(ii) For any b,X,d,q > there exist Aq — Ao(b, X,d,q) > and eq — 
eo(6, A, (5, g, A), the latter depending also on A > 0, such that if S,j and f3j sat- 
isfy U.5.8\) and U.5.9\) . maxi<j<Ar \^j\ < q, A < Aq and e < Eq then 

(1.5.10) Tn{yeW: maxi<j<N \'^%{x,y), xj-i) - < S} 

> exp { - MEf^ife - t,-i)i(5;,-i,e,) + ?7fc,T(£, A) + CT{b)d + A)} 
with some Cxib) > depending only on b and T . 

Proof, (i) Assuming that p is small and C > 2 is large so that p is still 
small, we consider for each x £ Xt and y e W closed discs Dq £ 'D^{{x, y),a, p, C^) 
and D e I?"((a;, y), a, p, C) with D D. For each small r > set 

-^(^) = £ Do '■ inf < r} and 

D{-r) ^ {v e D : inf dDo{v,v)>r}. 

veDo\D 

Then D{r) n ODq = provided r = r{p) < C^p{C — 1). For any pair of compact 
sets D C D cM.'^xM and g > a, finite set G C D will be called (s, g, e, D, D)- 
separated if Vi,Vj € G, Vi ^ Vj implies that Vi ^ U^{s,Vj, g). Choose a maximal 

(<„_ie~^, Cp, e, l), -Do)-separated set G„_i(I?) in l) C Do (where maximal means 
that the set cannot be enlarged still remaining (•,•,•,•, •)-separated). Then 

^veG„^,{D)Uhoitn-i£'\v,Cp) D D 

and, by Lemma ll.3.2r i) for small e, n > 1, and v £ D, 

Uh,{tn-i£-\v,Gp)cDie). 

Set 

r'^ir) ^ {v e D : |S,-(i;,£,_i)-e,| <^} 

and 

n-l 

GLi(r,r) ^{ve Gn-i{D{r)) : Uh„{tn-i£-\v,Cp) n ( fj r^^(,)(r)) ^ 0} 

assuming that D{f) C Do- Then for f > 0, f < r{p) = G^p{G - 1), 

(1.5.11) m£)o{uei:'(f) : maxi<j<„ |S^(w,ij_i) - < r} 

= ^"Do(n"=iri(,^)(r)) 

< E„6Gr_,(f ^^^Oo {Uh, {tn-ie-\v, Gp) n rS(,) (r)) . 

By Lemma [1.3. 2( 1) if n > 1 and e is small enough then d{v',v) < e for any v' G 
Uf)^{tn-i£^^jV,Gp) and using, in addition, Assumption 11.2.21 and the inequality 
(|1.5.3p we obtain that for any j < n — 1, 

(1.5.12) \EI{v,x)-E%v',x)\ 

< K{tj - tj^i)c-^Gp J*^_^ e-5?(*"-i-'')ds < AKA-'^c~'^CpK-^e. 

Hence, if w G G^^_i{f, r) then for Ci = SKc'^^Gpn^^ and f < r(p) — e, 

n~l 

(1.5.13) Uh,{t^.^e-\v,Gp) c fl r^^(,^^)(r + Ci£A-i), 
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provided e is small enough, and so, by (ll.5.3|) and (ll.5.4p . 

(1.5.14) |7riUt^_j£-i - Xn-i\ < dn^i = e-'^*"-! sup^g^,^ {ttiv - a;o| 

+ {e^*"~'Ktn^i + 1)( maxo<j<„_i {x-j - | + if A + {n - l)A(r + CieA-^)) 

where we set Vs — Since H{x' , x" , (3) is (Lipschitz) continuous in (3 there exists 

I3''n\x',x") G such that 

(1.5.15) 

\l3i-\x',x")\ < a and La{x',x",U = {fii^^x' ,x"),^^) ~ H{x' ,x" , Pi^^x' ,x")). 

Let V e G^-i{r) and = pil^\niVt^_^e-^^S:„-i). Since H{x' ,x" , f3) is Lipschitz 
continuous (and even C^) in x' and x" (see |16j ) it follows from p.5.14p that 

(1.5.16) |ii(^i«t_,e-i,5n-i,/3i"^)-i?(in-i,/3i"^)| < C(a)d„_i 

where C{a) > depends only on a. Since C/|,^~^ (t„_ie^^, v, Cp)r]dDo = provided 
V G G'J^_2^(f, r), 71 > 1, f < r(p) — e we derive from Lemma 11.3. 2f iv). Proposition 
11.3.41 and Lemma [1.4. If i) that for such v, n, f, e and any a > 0, 

(l-S-17) mn„ {Uh^{tn-is-\v, Cp) n r^(,)(r)) 

< mDo{UI)g{tn-ie^^,v,Cp)) 

X exp ( - ^'"~*"''^ (£a(>^«-i,60 - '7a,T(e, A) - C(a)d„_i - ra)) 

where fja^xi^, A) ^ as, first, e and then A ^ 0. 

Since Uf)^{tn-ie~^ ,v, \Cp) are disjoint for different v G G„_i(Z)(f)) we obtain 
from p.5.13p and Lemma [T32{iv) that 

(1-5.18) T..^Gl_,(f,r) -^D, {Uh, {tn-ie-\v, C p)) 

< Cip,T"=P.TE^eGr_,(f,r) mD,,{Uho^'^n-i£~^,v,\Cp)) 

< ('ll.T^p^r'T^Do ( \JveGl_,(nr) Uh„ {tn^ie-^,v, \Cp)) 

< cll^T^T^D. ( n;Ci ri(,+,) (r + Ci£A-i)) . 

Employing (|1.5.1ip . (|1.5.17p and (|1.5.18p for n = iV, TV - 1,...,2 with r = 5 + 
CieA-i, 5+2CieA-\ (5+(iV-l)CieA^i and f = e, 2e, (^-1)£, respectively, 
and using only (|1.5.17p for n = 1 we derive that 

(1.5.19) TO_Do{w e D : maxi<j<Ar |S|(u,£j_i) < (5} 

< exp{ - i(Ef=i(i, -t,-i)ia(5;,-i,e,) -^a,p,T(e,A) -C(a,T)(d + <5))} 

provided (5 + 2CieTA-2 < ^ j^j^^j eTA^^ < r{p) with rja^p^Tie, A) satisfying p37|) 
and with the same d as in (|1.5.6p . 

Let Dx{r, w) be a ball on W^{w, g) centered at w and having radius Cr, p < 
r < 2p < g in the interior metric on W^{w,g) (which, recall, is a semi-invariant 
extension of the family of local unstable manifolds on A^.- see Section 3 and [68 ). 
Then Dx{r,w) S V^{{x,w),a, p,C) if C > 2. Recall, that if p is small enough 
then the extended local unstable and stable discs W^"(z«, r{p)) and W^{w, r{p)) are 
defined for all w S W and, in fact, by (|1.2.4p . the compactness arguments and by 
^68j such discs can be defined for all w from a small neighborhood U oiW which 
is still contained in the basin of attraction of each Az- For each w & W set 

Q,{w, p) = y {D^{t{p), Flw) : |r| <Cp,wG W^,{w, Cp)} 
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and assume that p is small enough so that Qx{w,p) C U. Then p.5.19|) together 
with the Fubini theorem yield ()1.5.6p with the box Qx{w, p) in place of the whole W. 
Relying on the transversality of unstable and weakly stable submanifolds together 
with compactness arguments we conclude that there exist an integer Up depending 
only on p such that W can be covered by Up boxes Qx{wi, p), i — 1,2, ...,np which 
yields now (|1.5.6p in the required form. 

(ii) We start proving (|1.5.10p by using (|1.5.12p in order to conclude similarly to 
(I1.5.13P that if n > 1, w G G'^_i(f - £,r- CieA-i), and v e C/|,^^ (t„_ie-\ d, Cp) 
then V e n"^i^r-^(^-^(r). Hence, 

(1.5.20) mDo{v e D{f) : maxi<j<jv |S^(w,£j-i) -Cjl < r} 

> E^eGf_i(f-s,r-CieA-i)'^Co (r^(f ) W H (i„-l£-\ ^Cp)) 

where the last inequality holds true since C/|)^(t„_ie~^,u, ^Cp) are disjoint for 
different v £ G^_i{r,r — CieA^^). Using ()1.5.16p . Lemma ri.3.2r iv). Proposition 
11.3.41 and Lemma [1.4.1f iii') we obtain that for any v £ Gj^_]^(f — e,r — CieA~^), 
<; < S, a > and b > maxi<j<7v 1(3 j\, 

(1-5.21) mco(r2,(,)(r) n C/|,^ (i„_i£-i, t;, ^Cp)) 

> r7ii3o([/|,^(t„_i£-\i), ^Cp))gn,bie,A,<^,a) exp ( - i^(:£n-i, Cn)) 

where 



5„,6(£, A,^, cr) = exp 



{fib,T{e, A) + CT{b)dn-i + <r5) j 



X (^1 - exp ( - <*""^"-^) (d(6) - 77fc,T(£, A) - a6 - a)) j , 

= min Lf^(£j_i,/C,,c(Ci)), L^ix,JC) = inf if(a;,a), 

}C,,c{a) = ;7c(0)\C/,(a), (x, a) = a) - a) + /3), Crib) > 0, 

and fjb,T{£, A) — > as, first, £ — > and then A 0. 

By Lemma ll.3.2f iv) and the definitions of F-' and , 

(1.5.22) E 

> Cip,TCp,T Y.veGl_,{f-e.r-CieA-r) "^^o (i„-l£"\ f , Cp)) 

> C 1 p_yCp,TTODo ( n"=l ri(f _£) - C'i£A-l)) . 

Employing (|1.5.20p - (|1.5.22p for N,N - 1,...,2 with r ^ 6, S - CieA-^ ,...,6 - 
{N — 2)Ci£A"^ and f — 0,~e,~2e, ...,—{N — 2)e, respectively, and using only 
(jl.5.2ip for n = 1 we derive that 

(1.5.23) mDo{v e D : maxi<j<Ar |S^(?;,ij_i) - < S} 

> exp i(Ef.,(t, - t,_,)L{i,_,,Q + C{p,S)eA-^)^ 
X n^=i 5n,6(£, A, <^,cr) 
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for some C{p,S) > provided, say, NCieA-^ < 2TCieA-^ < f and TeA-^ < 
Cp/2. Since H{x,(3) is diflFerentiable in (3 (see |16j ) then 

for any a ^ (,j (see Theorems 23.5 and 25.1 in [69]), and so by the lower semicon- 
tinuity of L{x, a) in a (and, in fact, also in x), 

i'^^(i,_i,/C,,c(0)) = inf L^'ixj^i,a)>0. 

This together with Lemma 11.4.21 yield that d{b) appearing in the definition of 
5'n^b(e, A, cr) is positive provided b is sufficiently large. In fact, it follows from 
the lower semicontinuity of L{x, a) that d{b) is bounded away from zero by a posi- 
tive constant independent of Xj and ^j, j = 1, A'^ if these points vary over fixed 
compact sets and (jl.S.Sp together with (|1.5.9p hold true. Now, given A > choose, 
first, sufficiently large b as needed and then subsequently choosing small a and <j, 
then small A, and, finally, small enough e we end up with an estimate of the form 

(1.5.24) 5„,,(e, A, ^, a) > exp ( - ~J"~'\ 77b^p,T(£, T) + CT{b)d + A)) 

where Ct(6) > and r^b^p^rie^T) satisfies (|1.5.7p . Finally, (|1.5.10p follows from 
p.5.23|) . (|1.5.24p and the Fubini theorem (similarly to (i)). □ 

Next, we pass directly to the proof of Theorem 11.2.31 starting with the lower 
bound. Some of the details below are borrowed from 78 but we believe that our 
exposition and the way of proof are more precise, complete and easier to follow. 
Assume that 5'ot(7) < oo, and so that 7 is absolutely continuous, since there is 
nothing to prove otherwise. Then by p.2.13p . i (7^,75) < 00 for Lebesgue almost 
all s e [0, T]. By (|1.2.15p and (dHH), 

(1.5.25) H{x,l3)<K\Pl 

and so if i(7s,7s) < 00 it follows from (11.2.12^ that I7I < K. Suppose that 
'D{Ls) = {a : L{js,ct) < 00} ^ and let nT>{Ls) be the interior of 'D{Ls) in its 
affine hull (see |69] ). Then either r\D{Ls) ^ or T){Ls) (by its convexity) consists 
of one point and recall that % e 'D{Ls) for Lebesgue almost all s G [0,T]. By 
(|1.2.10p and (|1.5.25p . 

(1.5.26) = i/(7„0) = inf L(7.,a). 

This together with the nonnegativity and lower semi-continuity of L{'js, ■) yield 
that there exists such that L(7s,ds) = and by a version of the measurable 
selection (of the implicit function) theorem (see [15j . Theorem III. 38), as can be 
chosen to depend measurably in s € [0,T]. Of course, if iiD{Ls) — then ^{Ls) 
contains only and in this case = 7s for Lebesgue almost all s G [0, T]. Taking 
Us = dig and Ps — Q we obtain 

(1.5.27) L{-ts,as) = {(3s,as)-H{-fs,f3s). 

Observe that £{s, a) = ^(73, a) is measurable as a function of s and a since it 
is obtained via p.2.12p as a supremum in one argument of a family of continuous 
functions, and so this supremum can be taken there over a countable dense set of 
/3's. Hence, the set A ~ {{s,a) : s G [0, T], a e I?(Ls)} = ^~^[0,oo) is measurable, 
and so the set B — A \ {(s,7s), s e [0,r]} is measurable, as well. Its projection 
V — {s G [0,T] : {s,a) £ Bior some a G M''} on the first component of the product 
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space is also measurable and V is the set of ,s G [0, T] such that T>{Ls) contains more 
than one point. Employing Theorem III. 22 from [15j we select as G measurably 
in s Cz V and such that {s,as) G B. By convexity and lower semicontinuity of 
i(7s, •) it follows from Corollary 7.5.1 in [69j that 

(1.5.28) L{js,is) = lim L(7„alP)) where a^P^ = {1 - p-^)^s + p'^a^. 

pIoo 

For each ^ > set 

ns{s) = mm{n G N : |i(7s, 7.) " Hls,ai^'>)\ + |7s - < S}. 

Then, clearly, ns{s) is a measurable function of s, and so = ai^^ = ai"'''-*''^ and 
L{'-fs,cts) are measurable in s, as well. By Theorems 23.4 and 23.5 from [69] for 
each as = ai^'' there exists Ps = Pi^'^ G K'^ such that (|1.5.27p holds true. Given 
S',X>0 take S = min(<5', A/3) and for s G [0, T] \ F set as ^ As- Then 

(1.5.29) / m^sAs)- Hjs,as)\ds < X/3 and ( I7, - a, |c?s < (5'. 



For each 6 > set a\ = as if the corresponding (3s in (|1.5.27p satisfies \(3s\ < h 
and a\ = ots, otherwise. Note, that (|1.5.27p remains true with a\ in place of as with 
Ps = if ttg — dis- As observed above |a| < if whenever L{z,a) < 00, and so \as\ < 
K for Lebesgue almost all s G [0,T]. We recall also that |7s — a^l < S and 7s < if 
for Lebesgue almost all s G [0,T]. Since S'ot(7) < 00, l-^(7s)7s) — L{'js,C(s)\ < 5, 
and L(7s,a^) f L{js,cts) as 6 t 00 for Lebesgue almost all s G [0,T], we conclude 
from (|1.5.29|) and the above observations that for b large enough 

(1.5.30) / |L(7s,as) - L(7s,a^)|ds < A/3and / \as ~ al\ds < S' . 



Next, we apply Lemma 11.4.31 to conclude that there exists a sequence mj — > 00 

such that for each Aj = T /mj and Lebesgue almost all c G [0, T), 

(1.5.31) 



^ |^(7s,as) - i-(7g,(s,c),a^^(s,c))H'5 < V3and /" - a^.(s,c)l 
Jo 



ds < 5'. 



where qj{s,c) — [(s + c)Aj- ]Aj — c, [•] denotes the integral part and we assume 
L(7^, al) = and = if s < 0. 

Choose c Cj G [iAj,|(5j] and set 7^ = a; + /J' "^^(u^c)'^'"' V's = lq,{s,c) 
where 7„ = 70 if u < 0, = io = x, = 7t, xn = 7t and Xfe = 7feAj-c, 
Sfe = 7fcAj-c for k = 1,...,7V- 1 and ik = "(fe_i)Aj-c f'^'^ ^ ^ 1,2, ...,7V where 
TV = min{fc : fcA^ - c > T}. Since |7s| < if for Lebesgue almost all s G [0,T] 
then roT(7,V') < KA^ and, in addition, roT(7,7) < 35' by p.5.29p - (|1.5.3ip . This 
together with (|1.5.3p and (|1.5.4p yield that for v = {x,y), 

(1.5.32) ro^(^.^7) < roT(^.^ ^) + if A, < (ifTe^"^ + l)roT(^„^''^, ^) + if A^- 
< (ifTe^^ + 1){36' + KAj + (T + 1) maxi<fc<Ar \E%{v, ik-i) ~ ^) + KAj 

provided Aj < 1 where Z^''^ and S|(w,a;) are the same as in Lemma ll.5.1[ the 
latter is defined with tk = kAj — c, k — 1, TV— 1 and In — T. Choose 6' so small 
and nij so large that 

{KTe^'^ + l){i5' + KAj + (T + 1)5') + if A^ < S 
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then by (|1.5.32|) . 

(1.5.33) {yeW:v^T{Zly,l)<5}^{yeW: ^max^ |S|(«, i^^i) - Cfej < <5'}. 
By (11.5.291) ^ (11.5.311) . 

N 

(1.5.34) Y^^tk - ifc-i)L(ife-i, 6) < ^ot(7) + A 
fc=i 

and by the construction above the conditions of the assertion (ii) of Proposition 
ll.5.2l hold true, so choosing rrij sufficiently large we derive (|1.2.16p (with 2A in place 
of A) from (|1.5.10p . (|1.5.33p and (|1.5.34p provided e is small enough. 

Next, we pass to the proof of the upper bound (|1.2.17p . Assume that (|1.2.17p 
is not true, i.e. there exist a. A, (5 > and x S Xt such that for some sequence 
efe ^ as fc ^ cxD, 

(1.5.35) m{2/e W: roT (^^^^, *St(^)) > 3<5} > exp ( - -(a - A)) . 

Since \\B{x,y)\\ < K hy (Il.2.l5l) all paths of Zl y{t), t G [0,T] and of Z^;^(i), t G 
[0,T] given by ()1.5.1|) (the latter for any measurable ■0) belong to a compact set 
/C^ C Cot which consists of curves starting at x and satisfying the Lipschitz condi- 
tion with the constant K . Let denotes the open p-neighborhood of the compact 
set vl/g^(x) and JC'^ = JC^ \ Up . For any small S' > choose a J'-net 71, ...,7„ in 
/C25 where n — n{S'). Since 

{yeW: roTfe' KA^)) > 3<5} C |J {y G W : roT{Z',%,-f,) < S'} 

n>j>l 

then there exists j and a subsequence of {sk}, for which we use the same notation, 
such that 

(1.5.36) m{y e W : v^T^Zl^y^l^) < S'} > exp ( - — (a - A)). 

Denote such by 7'' , choose a sequence 61 and set 7^'' = 7*'. Since /C25 
is compact there exists a subsequence 7^'^^ converging in Cot to 7 G IC2S which 
together with ()1.5.36|) yield 

(1.5.37) limsupelnmly G W : roT(^^^,7) < S'} > -a + X 
for all ,5' > 0. 

We claim that (|1.5.37p contradicts p.5.2p and the assertion (i) of Proposition 
fTX2l Indeed, set 

/■T 

StoTil)= / Lb{tp{s),j{s))ds and Sbfiril) ^ S'^Qj.ij). 
Jo 

By the monotone convergence theorem 

(1.5.38) 5,%(7) T 5o^t(7) and SbMl) T 5ot(7) as 6 T 00. 

Similarly to our remark (before Assumption ll.2.2p in Section 11.21 it follows 
from the results of Section 9.1 of [40] that the functionals 5'^ot('T)! '^ot(7) and 
»S'fc,0T(7), S'ot(7) are lower semicontinuous in ip and 7 (see also Section 7.5 in |30j). 



1.5. LARGE DEVIATIONS: PROOF OF THEOREM 1.2.3 



39 



This together with (|1.5.38p enable us to apply Lemma fl. 4. 21 in order to conclude 
that 

(1.5.39) lim SbM^s) = Sorm) = inf Sorh) > a 

where Sb^oril^s) ~ ^''^^■yeiC'f Sb.oTil)- The last inequality in (|1.5.39p follows from 
the lower semicontinuity of Sqt- Thus we can and do choose 5 > such that 

(1.5.40) Sb,oTm)>a-X/8. 

By the lower semicontinuity of S^^rplj) in ip there exists a function S\{-y) > 
on JC^ such that for each 7 e JCg, 

(1.5.41) SfoAl) > a - A/4 provided roT(7, V') < Sx{-f). 

Next, we restrict the set of functions ip to make it compact. Namely, we allow from 
now on only functions ip for which there exists 7 S /C| such that either ^ = j or 
TP{t) = j{kT/m) for t e [kT/m, {k + l)T/m), fc = 0, 1, m - 1 and ipiT) = j{T) 
where m is a positive integer. It is easy to see that the set of such functions ip is 
compact with respect to the uniform convergence topology in Cqt and it follows 
that (5a (7) in p.5.4ip constructed with such tp in mind is lower semicontinuous in 
7. Hence 

(1.5.42) 5,= mij,{^)>0. 

Now take 7 satisfying (|1.5.37p and for any integer to > 1 set A = A„i =T/m, 

Xk = 4"' = 7(^^)> k = 0,l,...,m and ^ = Ci'"' = A-\i{kA) - %{k ~ 1)A)), 
fc = 1, TO. Define a piecewise linear Xm and a piecewise constant V'm by 

(1.5.43) Xm{t) = Xk + CfcA and Vfe(t) = xu for t e [fcA, (fc + 1)A) 

and fc = 0, 1, ...,TO— 1 with Xm{T) — ipm{T) — ^{T). Since 7 is Lipschitz continuous 
with the constant K then 

(1.5.44) roT(Xm,i/'m) < Kl:^ and roT(7,V'm) < KI:^. 
If TO is large enough and e > is sufficiently small then 

(1.5.45) A < min((5/2, 5x) and rib,T{e, A) < A/8 

where i]i,,t{£,A) is the same as in (|1.5.6p . Since 7 e /C25 it follows from (|1.5.44p 
and (|1.5.45p that Xm G l^s ^^^'^ tiy (|1.5.4ip and the first inequality in (|1.5.45p we 
obtain that 

m— 1 . 

(1.5.46) <ot(x™) = a ^ U{xk,^k) > a - -. 

Hence, by (|1.5.6p and the second inequality in ()1.5.45p for all e small enough, 

(1.5.47) m{y€W: max |S|((x, y), Xfc_i) - ^fcl < p} < e"^^""^/'^ 

l<k<ni 

provided CT{b)p < A/8 (taking into account that xq = x). By (|1.5.2p and the 
definition of vectors £,k for any v € W, 

(1.5.48) |S|(«,Xfc_i) -al < |S|(«,Xfc_i) - A-i(Z„-(fcA) - Z,^((fc - 1)A)) | 

+2A-lroT(^„^7) < (i^ + 2A-l)roT(^,^7) + l^'A. 
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Therefore, 

(1.5.49) {y e W : roT(^|,,,7) <S'}c{yeW: 

ms^xi<k<m\El{ix,y),Xk-i) - < (K + 2A-^)6' + ^K^A} . 

Choosing, first, m large enough so that A satisfies (|1.5.45p with all sufficiently small 
e and also that 8CT{b)K^A < A, and then choosing 5' so small that 16CT{b){K + 
2A"i)(5' < 6, we conclude that (|1.5.47p together with (|1.5.49|) contradicts (|1.5.37p . 
and so the upper boimd (|1.2.17p holds true. Since Sot{j) = if and only if 
= -y" satisfying p.2.14p the estimate p.2.18p follows from (|1.2.17p and the lower 
semicontinuity of the functional Sqt, completing the proof of Theorem II. 2. 31 □ 



1.6. Further properties of S'-functionals 

In this section we study essential properties of the functional Sqt which will be 
needed in the proofs of Theorems 11.2.51 and II . 2 . 71 in the next sections. We will start 
with the following general fact which do not require specific conditions of Theorems 
[TXSl and fTXTl 

1.6.1. Lemma. There exists r > such that if x € X then any ii^x from the 
space Mx of F^- invariant probability measures on can be included into a weakly 
continuous in z family fi^z S -Mz, \z — x\ < r (considered in the space of probability 
measures onYV) for which B^_^^{z) = J B{x,y)d^xziy) is in z and the entropy 
h^^^(Fl) is continuous in z as \z — x\ < r. Furthermore, there exists C > such 
that 
(l._6.1) 

I^A^^^i (^i) ~ Bfj^^^^{z2)\ < C\zi - Z2I whenever x,Zi,Z2 G X, \zi -x\<r,i = 1,2 

and for any a > there exists /3 > such that if x, z Cz X , \z — x\ < (3 then 

(1.6.2) \h^^SFl) - h^^^{Fl)\ < a and\Iz{^ixz) - Ix{lixx)\ < a. 

Proof. The following argument (whose ingredients appear already in [63], 
|60j . and [16] ) was indicated to me by A.Katok. If r is small enough the structural 
stability theorem for Axiom A flows obtained in [68] can be applied in order to 
compare F^ and Fl but here we will need its more recent form derived in [63j . 
[60j . and [16j which yields a homeomorphism Uxz : A^; — > A^ and a continuous 
function Cxz on A^ both with dependence on z and such that the conjugate flow 
Fl = UxzFlu~l satisfies 

-^^Cxz{Fly)b{z,Fly) 

where Uxx is the identity map on Kx and Cxx = 1 • By the standard direct verification 
we see that ^ = u^zlJ-xx is an F^-invariant probability measure. It is known (see, for 
instance, [75] . Theorem 4.2) that then the probability measure fi^z on A^, defined 
by its Radon-Nikodim derivative 



-(y) = Cxziy){ / Cxzdn) ^ 
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is i^j-invariant. In our case this can be seen easily since for any function q on 

A., 

where the last equality holds true by Fj-invariance of /x. 
Now 

( /a^ Cxziuxzy)dnxx{y)) ^ /a^ B{z, Uxzy)cxz{uxzy)dpLxx{y)- 

This together with (|1.2.15p yield the differentiability of i?^^^ [z) in z taking into 
account that Cxz and Uxz are in z (see |16j ) and since the proof of this fact relies 
on a version of the implicit function theorem (see [6 Op which provides derivatives 
in z uniformly in x £ X whenever |z — < r and r is small enough we derive also 
(|1.6.ip . Next, clearly, h^^^{Fl) = h^{Fl). If we knew that ^xx were ergodic then, 
of course, /i would be ergodic, as well, and it would follow from Theorem 10.1 in 
[75] that 

hf^^AFl) ^ h^^AFx) / Cxz{uxzy)d^.xx{y) 

which would yield the differentiability of h^^A^l) the general case we 

obtain from [75] that 



inf cxz[y) < K{Fl) < K^AFl) sup c,,(y). 



and so 



\K.AFl) - K^AFl)\ < /i^,jFi)max(| sup c,.(y) - 1|, |1 - inf Cxz{y)\). 

Since by Ruelle's inequality (see, for instance [59j), 

K.AFl) < sup \^:iy)\ 

we derive both the continuity of h^^^Fz) in z and the first part of (|1.6.2p . The 
second part of (|1.6.2p follows from its first part in view of (|1.2.8p taking into account 
that the function <f]^{y) defined by (|1.2.5p is Holder continuous in y and uniformly 
Lipschitz continuous (even C^) in x (see [IB] ) and that B{x,y) is Lipschitz contin- 
uous in both variables (see (|1.2.15p l. □ 

The following result gives, in particular, sufficient conditions for a set to be an 
5- compact. 

1.6.2. Lemma, (i) There exists C > and for each x £ X where the vector field 
B is complete there exists r = r{x) > such that if \zi — x\ < r and \z2 — x\ < r 
then we can construct 7 G Cot with t < C\zi — Z2\ satisfying 

70 = zi, 7t = Z2 and 5*04(7) < C\zi - Z2\. 

It follows that R{z, z) and R{z, z) are locally Lipschitz continuous in z belonging to 
the open r -neighborhood of x when z is fixed. 
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(ii) Let O d X be a compact 11^ -invariant set which either contains a dense in 
O orbit of n* or R{x, z) — for any pair x, z £ C Suppose that B is complete at 
each point of O. Then O is an S-compact. 

(Hi) Assume that for any ry > there exists T(r]) > such that for each x ^ O 
its orbit {n*a;, t £ [0;r(77)]} of length Tij]) forms an rj-net in O or, equivalently, 
that n* is a minimal flow on O. Suppose that B is complete at a point of O. Then 
O is an S-compact. 

Proof, (i) Fix some x £ X . In view of the ergodic decomposition (see, for 
instance, [59j ) any fjL £ M.^ can be represented as an integral over the space of 
ergodic measures from M.x- Using the specification (see [8] and |27j ) any ergodic 
PL e M.X can be approximated (in the weak sense) by .F!^ -invariant measures sitting 
on its periodic orbits, i.e. by measures of the form p^ = j- J^"^ Sp^yds where 

(fi — {F^y, < s < i<p}, Fl'^y — y is a. periodic orbit of with a period t^. This 
is done in a standard way by choosing a generic point of an ergodic measure /x, 
i.e. a point w which satisfies hmt_,oo g{F^w)ds = / gdp, for any continuous 

function g on A^, and then approximating the orbit of w by periodic orbits of F^ 
using the specification theorem (see Theorem 3.8 in "8^). It is well known (see [8]) 
that there are countably many periodic orbits of F^, which together with the above 
discussion yield that the closed convex hull T^x'^ of the set {B^^ {x) : is a periodic 
orbit of F^} C R'' coincides with Vx = {Bf,(;x) : p G Mx}- 

Now assume that B is complete at x. Then {aF^;, a G [0,1]} — {aT^\ a G 
[0, 1]} contains an open neighborhood of in M.'^. But then we can find a simplex 

Ax with vertices in fI"'' such that {aAa;, a € [0, 1]} contains an open neighborhood 
of in R'^ and for some periodic orbits ipi, ...,ipk of F^, fc > d + 1, 

k k 

Ax = {Y, ^'-^^o (2^) : I] A, = 1, A, > OVz} 

where we denote ^'■'^ — fi^p^ . By compactness of Aa; it follows also that 

dist(A^,0) > 0. 

Now, set iJxx = i = 1, and include each pxi into the weakly continuous 
in z families fj,xz constructed in Lemma 11.6.11 for z in some neighborhood of x. If 
|z — a;| < r{x) and r{x) is small enough each simplex 

k k 

A, = {V (., (z) : V A, = 1, A, > OVz} 

'i=i 1=1 

intersects and not at with any ray emanating from G K'' or, in other words, 
{aAz, a e [0, 1]} contains an open neighborhood of in M"* and, moreover, 

dist(0,A^) > ^dx. 

Since all X]^=i -^iMa^z £^re Fj-invariant probability measures provided X)i=i = 
1, Ai > we conclude that for any z in the r(a;)-neighborhood of x and any vector 
^ there exists an f j-invariant probability measure /i^ such that B^^ (z) has the same 
direction as ^ and 

K>\B^^{z)\ > ^x 
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where K is the same as in ()1.2.15|) . It follows that any two points zi and Z2 from the 
open r(a;)-neighborhood of x can be connected by a curve 7 lying on the interval 
connecting zi and Z2 with K > {ji^'^l > ^dx, i.e. 70 = ^1,7* = 22 with some 
te [K-^\zi ~ Z2\,2d^^\zi - Z2\] and by ^T^ . 

Sot{l)<'2d-^\zi-Z2\ sup 

In view of the triangle inequality for R what we have proved yields the continuity 
of z) and z) in z belonging to the open r(x)-neighborhood of x when z 
is fixed. Covering X by r(a;)-neighborhoods of points x ^ X and choosing a finite 
subcover we obtain (i) with the same constant for all X . 

Next, we derive the sufficient conditions of (ii) for the S'-compactness. First, 
observe that both assumptions there imply that for any 77 > there exist t-q > 
and 7"^ G Cot^ such that 7'' form an 77/4C-net in O and 5*0*^(7'') < ?7/4 where 
C is the same as in (i). Indeed, if there exists a dense orbit of 11* in O then a 
sufhciently long piece of this orbit will work as such 7 with its S'-functional equal 
0. If R{x^ z) — Q for any x, z G O then we can choose an •q/AC-'nei xi, a;„ in O 
and then construct curves j^^' such that 7q = x;, j^. = Xi-^-l, i — I, n — 1 with 
Souh^'^) < v/in. Taking 7? = l^t-j:,^.^. ,u t e Ei<,<.-i*J-' T.l<J<^h] 

Z^l<j<i— 1 3 — ' — 

we obtain the required curve. Now, for each a; G O let Ux be the open r{x)- 
neighborhood of x in where the construction of the part (i) can be implemented. 
Since O is compact we can choose from the cover {Ux, x G O} of O a finite subcover 
= {Uxi, Uxi} of O. For any positive r] such that rj/AC is less than the Lebesgue 
number (see [79] 1 of U we construct 7'' as above and then for any z G O there is 
i and z G such that z,z G Ux^, \z — z\ < rj/AC, and so by the assertion (i) we 
can connect z and z by a curve 7^ G Cqi^ with < rj/A and S'ot^(7^) < v/^- It 
follows that any two points x, z G O can be connected by a curve 7 G Cot with 
t G [0, t,, +7^/2] and <S'ot(7) < 3/7/4. Now set Op — {z : dist(z, O) < p} and suppose 
that Op„ C 'JiKiKeUxi- Let rj/AC < po be smaller than the Lebesgue number of 
the cover {Uxi, Ux^} of Op^ and set Urj — {z : dist(z, O) < rj/AC}. Then for any 
z G Urj there exists x G O with |z — x| < rj/AC, and so x,z G Ux^ for some i. Hence, 
by (i) there exists a curve 7 G C^i connecting x with z and such that t < rj/A and 
'S'ot(7) < ??/4. By above we can connect any x G O with a; by a curve 7 G Cot with 
t G [0, trj + r]/2] and Sot (7) < 37^/4 and then using 7 we arrive at a combined curve 
connecting x with z and satisfying the conditions required to ensure that O is an 
5'-compact by taking T,, — t,-i + 77. 

(iii) Now assume that for any 77 > and each a; G O its piece of the n*-orbit 
of length r(77) forms an 77-net in O and suppose that B is complete at xq G O. Set 
L = sup_i<t<i sup^gy ||D^n*|| where DzII* is the differential of 11* at z. Let a; G O 
and z G X with dist(z,0) < riL~'^^'^/^^'> /3C where 77 < Cr{xo). Then for some 
z G O, \z-S\ < 77L-^(''/3<^)/3C and |n-"5-a;o| < ?7/3C < |r(xo), S-U-" z\ < 
r]/3C < ir(xo) for some s G [0, T(?7/3C)], and so |n"''z-a;o| < 2r//3C < r{xo). In 
addition, for any 77 < 3Cr(xo) there exists ^(77) > so that |n*(''^a; — XqI < 77/3C 
with ^(77) G [0, r(77/3C)]. Now, by the assertion (i) we can connect n*'^''^a; with a;o 
by a curve 7^^^ G Con with ti < 77/3 and Sotiil''^^) < ?7/3, then connect xo with 
n-"z by a curve 7(2) g Cot^ with t2 < 277/3 and 50*2(7^^^) < 277/3. Finally, we 
can connect x with z by the curve 7 G Co,tM+ti+t2+s with So^tM+t,+t2+s{l) < V 
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and such that 74 = U'-x for t € [0,t{ri)], = ^(-^(j)) * ^ [tiv)it{il) + 

It = li\r,)-t, fo'^ * e W^) + + ^1 + *2], and 7t = n*-*('')-*i-*^-«z for 

t e [t(?7) + ti + t2, t{ri) + ti + ^2 + s] yielding that O is an S'-compact. □ 

The following assertion which relies on Lemma 11.6.11 will be also useful in our 
analysis. 

1.6.3. Lemma. For any rj > and T > there exists C > such that if 
7 € Cot, 7 C X, Sot{j) < 00, 70 = a;o. |zo — a^ol < C then we can find 
7 e Cot, 7 C A" with 70 — zq satisfying 

(1.6.3) roT(7,7) < V and ISoril) - '5'ot(7)I < V- 

Proof. By (|1.2.13p and the lower semicontinuity of the functionals Iz{i^) there 
exist measures ft G M^^, t £ [0, T] such that 74 = B,y^{^t) for Lebesgue almost all 
t G [0,T] and I-yti^t) = L{'-ft,jt) for Lebesgue almost all t S [0,T]. Recall also 
that 7t is measurable in t. Introduce the (measurable) map q : [0, T] x V{yV) 
MU {00} X R'^ defined by q{t,v) = {l^^iv) , B,j{'^t)) ■ Recall that 7* is measurable in 
t, and so another map r : [0, T] MU {00} x defined by r{t) = {L{jt, 'it), it) is 
also measurable in i S [0, T] . Then q{t, ft) — r{t) and it follows from the measurable 
selection in the implicit function theorem (see |15j . Theorem III.38) that measures 
ft satisfying this condition can be chosen to depend measurably on t € [0,T]. 

Now, given 77 > we pick up a small C > which will be specified later on 
and employ Lemma 11.4.31 in the same way as in p.5.3ip together with p.2.9p , 
p. 2. lip , and (|1.2.13p in order to conclude that for all n e N large enough there 
exists 4"^ e [0, T/n) such that if 4"^ + jn-'^T, j = 1, 2, n - 1, = T 

then 

(1.6.4) jf' \Khs)\ds + - (.) (7*<"))|rfs 

tj tj ] 

3 j ^ 

Set ^i") = for s e [0,tl")) and V-i"^ = („, (7,(.")) for s e J = 1' 

Then ^^^^-^ = 7o + Jq i^^^^ds^ t G [0, T] defines a polygonal line such that 

roT(7,V''"^) <C 

Next, set it — zq for all t e [0,<^"''] and continue the construction of 7 in 
the following recursive way. Suppose that it is already defined for all t e [0, ij"''] 

and some j > 1. Denote Xj = 7j(n), Hj = V'^m, Zj = 7 (") and suppose that 

j tj j 

\zj — Xj \ < r—KTn^^ where K is the same as in (|1.2.15p and r comes from Lemma 
11.6.11 For t G [4"\4+'i] 'i^fi'^^ it as the integral curve starting at Zj of the vector 
field B{z) — i?^i^.^(z), |z — Xjj < r with /^Xjz G -^2 obtained in Lemma ll. 6. II for 

l^xjXj = '^jC"): i-6- 7t is the solution of the equation 

j 

it = Zj+ B{is)ds. 
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This definition is legitimate since in view of (jl.2.15|) and our assumption on zj tlie 
curve jt, t e does not exit the r-neighborhood oixj. By (|1.6.ip and the 

above for all t e 

\B{jt) - {xj)\ < C{\z, ~x,\+ KTn-') < Ci\z, - y,| + C + KTn-'), 

3 

and so 

\zj+i - yj+i\ < sup |7t - < \zj - vMl + CTn-i) + CT/n + CKT^n-\ 
te[t<."\t^.;\] 

Assuming that |zo — xq] < C with C small enough and since = j/o we obtain 
successively from here that for all j ~ 1, 2, n, 

\z3-yj \ < {1 + CTn-^)'' {2C + KTn-^) < e^^ {2C + KTn-^), 

which enables us to continue our construction recursively for j = 1, 2, ti if C and 
are small enough yielding also that 

roT(7>^"^)<e^'^(2C + i^Tn-i). 

Hence, the first part of p.6.3p follows provided ( and are sufficiently small. 

Next, observe that 

sup \7t-Xj\ < \zj-yj\\yj-Xj\+KTn-^ <KTn-^{l + e^'^) + C{l + 2e'^^) 

and the right hand side here can be made as small as we wish choosing ^ small and 
n large. Hence, by Lemma ll.6.1l we can make 

rnax sup | (^^ ) - 4, (^^^ (") ) | < ?//2r 

0<.<n,,[,(.,^,(.)] 

which together with p.6.4p yield the second part of (|1.6.3p . □ 

The following result will enable us to control the time which the slow motion 
can spend away from the cj-limit set of the averaged motion. 

1.6.4. Lemma. Let G d X be a compact set not containing entirely any forward 
semi-orbit of the flow H*. Then there exist positive constants a = ac and T — Tq 
such that for any x €z G and t > 0, 

inf {5ot(7) : 7 e Cot and 7^ € G for all s £ [0,t]} > a[t/T] 

where [c] denotes the integral part of c. 

Proof. For each x & G set = inf{t > : Il*x ^ G}. By the assumption of 
the lemma ct^; < cxd for each x £ G and it follows from continuous dependence of 
solutions of (jl.l.6[) on initial conditions that ax is upper semicontinuous. Hence, 
f + sup^gG 0-0= < 00. Set T f + 1 and r = {7 e Cot ■ Is e G for aU s G [0, T]}. 
Since no 7 S F can be a solution of the equation (|1.2.14p then S'ot(7) > for any 
7 e F. The set F is closed with respect to the uniform convergence and since the 
functional Sqt is lower semicontinuous we obtain that 

inf Sot (7) — a > Q. 

This together with p.2.13p yield the assertion of Lemma 11.6.41 □ 
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Untill now we have not used specific assumptions of Theorem 11.2.51 but some 
of them will be needed for the following auxiliary result. 

1.6.5. Lemma. Let V he a connected open set with a piecewise smooth boundary 
and assume that il.2.20\) holds true. Then the function is upper semicon- 

tinuous at any xq for which Rq{xq) < oo. Let O d V be an S-compact. 

(i) Then for each z £ V the function R{x,z) takes on the same value (z) 
for all X Cz O, and so Roix) takes on the same value Rq for all x € O and the set 
dmin{x) ~ {z Cz dV : R{x,z) — Rq} coincides with the same (may be empty) set 
dmin for all X Cz O. Furthermore, for each d > there exists T(d) > such that for 
any x £ O we can construct 7^ € Cot^ with t^ G (0, T{S)] satisfying 

(1.6.5) = X, e dV and SotAl") < Rd + S. 

(ii) Suppose that Rq < 00 and distill^ x, O) < d{t) for some x G V and d(t) —> 
as t — !■ cx). Then Rq{x) < Rq and for any 6 > there exist Ts^d > (depending only 
on 6 and the function d but not on x) and 7^ € C'os^ with s^ € (0, Tg^d] satisfying 

(1.6.6) 7iJ = X, £ dV and Sos^ (7") < Rd + S. 

In particular, if Rq < 00 then Rq{x) < 00 and if O is an S-attractor of the flow 
n* then Rq{x) < 00 for all x £ V . 

(Hi) Suppose that for any open set U Z) O the compact set V \ U does not 
contain entirely any forward semi-orbit of the flow 11*. Then the function R^{z) 
is lower semicontinuous in z £ V , R^ {z) — > as dist{z,0) 0, and dnun "is a 
nonempty compact set. 

Proof. Let Rq{xo) < 00 for some xq £ V. Then for any a > there exist 
T > and 7 £ Cqt such that 70 — xq, 7t £ dV and ^otIt) < Roi^o) + ct- By 
Lemma 11.6.31 for any 77 > we can choose ^ > so that if zq £ V, \zo — xo\ < 
C then there exists 7 £ Cqt such that 70 = zq, roT(7,7) < V and |S'ot(7) — 
Sot{'j)\ < rj. Let /i^^^ £ Aiz, \z — 7t| < r be measures obtained in Lemma [1.6.11 
for fjL^^^rp = V with v satisfying the second part of (|1.2.20p . Since the boundary 
dV is piecewise smooth it follows from the continuous dependence of solutions of 
ordinary differential equations on initial conditions that for all small > there 
exists t{ri) ^ as r; ^ such that if i/^t, t £ [0,t(77)] is an integral curve of the 
vector field Bf^^_^^{z), \z — 7t| < r with i/jq = z, \z — 7t| < rj then i^tiri) ^ ^- Since 
Itt — 7t| < r] we can define jt = ipt-T for t £ [T,T + t{r])]. Now, 7T+t())) ^ V and 
by (fLZQD, 

|5'o,T+t(^)(7) - 'S'ot(7)| < sup \ip'^{y)\. 

xex,yeA!c 

Thus we can choose ry so small that Rq(zq) < Rq{xo) + 2a and the upper semicon- 
tinuity of Rq{x) at xo follows. 

From now on till the end of the proof of this lemma we assume that O is an 
S'-compact and prove, first, the assertion (i). It follows from the definition of an 
^-compact that R{xi,X2) = for any pair xi,X2 £ O, and so R{xi,z) — R(x2,z) 
for any such xi,X2 and each z £V. It follows that Rq{x) takes on the same value 
Rq for all a; G O and all sets dminix), x £ O coincide with some, may be empty, set 
dmin- Fix Xo £ O. Thcn for each S > there exists tf ^ > and 7'-*'-' £ C'^^co) such 
that 

7^ = a;n, 7S G dV and 5„^(o) (7^*'^) < Ro + S/2. 
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By the definition of an 5-compact there exists > such that for any z e O we 
can construct 7^^''^) g ^ot'^' with t^^'' e [0,r5/2] satisfying 

7^^''^ = ^, = xo and (7^^''^) < 6/2. 

Defining 7- by 7^ = 7*^"^'^ for t e [0,4^'] and 7f = 7|!'^(., for < e + tf] 

we obtain a curve satisfying pTF^]) with r((5) = 4"' + Ts/2- 

Next, we prove (n) assuming that Rq < 00 and that dist(n*x, O) < d{t) for 
some X G V with d{t) ^ as t ^ 00. By (i), for any 77 > there exists > 
such that for any z e O we can construct 7^ G Cgt^ with e (0, T,,] and 7^ e Cot^ 
satisfying (ll.6.5|) with 6 = 7]. For such and choose ( by Lemma [1.6.31 so that 
if |i — z| < C and z G O then in the same way as at the beginning of the proof of 
this lemma we can construct 7 G Gq. with t{ri) — > as ?y — > such that 

70 = X, 7t.+t(»?) € 5^ and |5'o,t^+t(^) (7) - S'ot,(7^)| < T] + Ct{r]). 

Pick up t = C) so that < C- Then |i — zj < C for i = n*x and some z G O. 
Now construct as above 7 for such z and define 7^ € Gosj. with Sx = t + + t{ri) 
setting 

7f = n*a; for i e [0,t\ and 7^ = j{t - i) for i G [i,i+t^ + i (r/)] . 

Then (7^) < i?a + 277 + Ct(77) and s^; G{0,T^ + i+ 1(7])]. Choosing 77 so smah 
that 2ri + Ct{r]) < 6 and then taking Ts.d = + we conclude that 7^ satisfies 

(|1.6.6p . Since rj is arbitrary we obtain that Rd{x) < Ra- If O is an S'-attractor 
whose basin contains V then we can choose d{t) ^ as i — > which in view of 
the continuous dependence of li^x on x will be the same for all x e y (though for 
this lemma d{t) as above depending on x would suffice, as well), so our conditions 
are satisfied now for all x gV . Hence, in this case Rd{x) is finite in the whole V, 
completing the proof of (ii) . 

Finally, we prove (iii). Recall, that by the definition of an S'-compact O it 
follows that R{x, z) = whenever x, z G O. For all 77 > let C/,, D O be open sets 
appearing in the definition of an S'-compact. If x S O and z G Urj then R{x, z) < rj. 
Hence, if dist(z„,0) ^ as 7i ^ 00 then R{x,Zn) 0. Now, let zq G V \ 
and Zn ^ zo as n ^ 00. For each S > set Os = {z G V :dist(2,0) < 6} and 
let S{ri) = iinf{|x — z\ : x G O, z G V \ Ujj}. Without loss of generality we will 
assume that Zi ^ Ujjg for some 7;o > and all i = 0, 1, 2, ... . Fix x G O. By the 
definition of the function R for any C > we can choose tn^,^ > and 7("'?) g Cot^ ^ , 
71 = 0, 1, 2, ... such that 

(1.6.7) 7^"'^) = X, ji^f = z„ and Sot„,, (7^"''^^) < R(x, z„) + C- 

For each rj < rjo set 

Sn = Sn^nX = sup{i > : ^^'^'''^ G Os(n)}- 

Consider 7^") G Co,t„ ^-s„ defined by 7^"^ = 7t+fi fo'' * "= [Oj^n.C ^ which stays 
in T^\intC'5(^) (where intG means the interior of a set G), and so by Lemma 11.6.41 
we conclude that 

tn,C - Sn < a^^(i?(x, Zn) + 1) 
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provided, say, C 5: 1/2 where > depends only on rj. In order to verify the lower 
semicontinuity of R(x, z) at z — zq we have only to consider the case 

liminf R{x, Zn) = A < oo, 

n — *oo 

and so we can assume that R{x, z„) < 2A for all n = 0, 1, 2, ... . Passing to a 
subsequence and denoting its members by the same letters we can assume also that 

lim R(x, Zn) — A. 

The curves 7^"-' are Lipschitz continuous with a constant K from (jl.2.15|) . and so 
this sequence is relatively compact. Hence, we can choose a uniformly converging 
subsequence and denoting, again, its members by the same letters we obtain now 
that 

^(") ^ ^(0) as n ^ cx) 

where 7(0) € Cot„ with io G (0, a,-i(A+l)], dist(7^''\o) = (5(r/) smd^l^^ = zq. Each 
curve 7*-"\ n = 0, 1, 2, ... can be extended to a curve in Co.t with T = a'^^{2A + 1) 
and the same 5-functional by adding to one of its ends a piece of the orbit of the 
flow n*. Hence, we can rely on the lower semicontinuity of the functional Sqt in 
order to derive from (I1.6.7P that 

5oto(7^°^)<^ + C. 

By the definition of an 5-compact there exists 7 G Cor with r G [0, r2jj] such that 
7o = a;, 7r = 7o and Sor{'j) < 277. It follows that 

R{x,zo) <A + 2tj + C 
and since rj and C can be chosen arbitrarily small we conclude that R{x, zq) < 
A obtaining the lower semicontinuity of R(x,z) at z = zq. Finally, the lower 
semicontinuity of R{x,z) in z € dV for a fixed x £ O implies that drain{x) is 
nonempty and compact and since 9niin(a;) is the same for all a; G O by (i), the proof 
of Lemma ll.6.5l is complete. □ 

1.7. "Very long" time behavior: exits from a domain 



In this section we derive Theorems 12.2.51 relying on certain " Markov property 
type" arguments which are substantial modifications of the corresponding argu- 
ments from Sections 4 and 5 of [48j . In this and the following section in order to 
simplify notations we will write V^[z, a, p, C) for a, p, C, L) (both introduced 

in Section [L3)) with some large L so that appropriate discs on (extended) unstable 
leaves W" and all their <i>|-iterates belong to this set. We start with the following 
result which will not only yield Theorem 11.2.51 but also will play an important role 
in the proof of Theorem 11.2.71 in the next section. 

1.7.1. Proposition. Let V be a connected open set with a piecewise smooth 
boundary dV such that V — V U dV C X . Assume that for each z G dV there exist 
L = l{z) > and an -invariant probability measure v on so that 

(1.7.1) z + sB^{z) G M'*\ y for all s G (0,i], 

i.e. B^{z) ^ and it points out into the exterior of V . 

(i) Suppose that for some Ai,T > Q and any z V there exists (p^ G Cqt such 
that for some t = t{z) G (0, T], 

(1.7.2) ip'o = z,ipt^V andSotiip')<Ai. 
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Then for each x G V, 

(1.7.3) limsupelog / ^{V)dm{y) < Ai 

£—0 Jw 

and for any a > there exists X{a) = X{x, a) > such that for all small e > 0, 

(1.7.4) m{y € W : Tly{V) > e(-^i+")/^} < e^^^^^/^ 

(ii) Assume that there exists an open set G such that V contains its closure G 
and the intersection ofV\G with the oj-limit set of the flow H* is empty. Let T he 
a compact subset of dV such that 

(1.7.5) inf Rix,z)>A2 

for some A2 > 0. Then for some T > and any /3 > there exists A(/3) > such 
that for each x E V and any small e > 0, 

(1.7.6) m{yeW: Zl^ir^jV)) G T, r|,^(F) < e^^^-^^/^} 
<m{yeW: Zly{Tly{V)) G T, Tly{V) <T)+ e-^(/3)/^ 

Suppose that for some x (z V , 

(1.7.7) a{x) = inf dist{U*x, dV) > 0. 

Then Rd{x) > and for each T > there exists A(T) — X{T,x) > such that for 
all small e > 0, 

(1.7.8) m{y e W : <j^(V^) < T} < e^^^^)/'^ 
and if the set T from |J.y.5[ j coincides with the whole dV then 

(1.7.9) liminfelog / JV)dm{y) > A2. 

'^^0 Jw 

The corresponding to ^.7.3^ , ^.7.4^ , ^.7.8\ l and ^L7^ assertions hold true also 
when W and m in these estimates are replaced by a disc D G T>^{z, a, p, C) with 
TTiz ^ X and by mo, respectively ((see \1.7.21^ an( ^1.7.22% \1.7.34\j , ll.7.36\j and 
lll.7.37\ ) below). 

Proof. Observe that applying to ()1.5.19|) and ()1.5.23|) the arguments which 
were used in order to derive Theorem 11.2.31 from Proposition 11.5.21 and the latter 
from Proposition 11.3.41 and Lemma 11.4.11 we obtain that (|1.2.16p and (|1.2.17p can 

be written for any disc D G V^{z,a, p,C), z — {x,y) in place of the whole W, 
namely, for any 7 G Cqt with 70 = 5, A, a > 0, and e small enough 

(1.7.10) moiveD: roT(^S, 7) < -^1 > exp |-i(5oT(7) + A) 
and 

(1.7.11) mD{veD: v^riZl, ^^i^)) > 6} < exp |-i(a - A)| 

which holds true in the same sense as (|1.2.16P " (|1.2.17p and (|1.7.10p - p.7.1ip are 
uniform in D as above. 

In order to prove (i) we observe, first, that the assumption p.7.ip above to- 
gether with Lemma 11.6. 2f i) and the compactness of dV considerations enable us 
to extend any , z €V slightly so that it will exit some fixed neighborhood of V 
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with only slight increase in its S'-functional. Hence, from the beginning we assume 
that for each /3 > there exists S = S{/3) > such that for any z £ V we can find 
T > 0, e Cot and t = t{z) e (0, T] satisfying 

ip'o ^z,^l^ Vs and Sot{(p') < Ai + (3 

where Vs = {a; :dist(x, < S}. It follows that for any x E V, n > 1, and 
D eV'^{{x,w),a,p,C), 

(1.7.12) {veD: T^^iV) >nT}^{veD: Zl{t) eV.Mte [Q,nT]] 
= e : T|,,,. jy) > T, Vfc = 0,l,...,n-1} CG^_, 

{veD: $f ^ {j,^vAf{^^-)yk = 0, 1, ...,n- 1} 
where for any subset H C Cqt and c > 0, 

A'/{H) ^{v(^VxW: vot{ZI, H) < c}. 
For k ~ 1,2, ... define 

Qls = {veD: UhikT/e, v, <5/4) n G|,, ^ 0} 

and 

Rls^ U C^D(fcr/e,«,V4) 
which are, clearly, compact sets satisfying 

Let Sfc be a maximal [kT/e, S/2, e, Q| g, D)- separated set in Q| 5. Then 

(1.7.13) U UD{kT/e,v,5/A)cRls^ |J [/^(fcr/e, t-, 3(5/4) 

and the left hand side of (|1.7.13p is a disjoint union. This together with Lemma 
11.3.61 give 

(1.7.14) rnoiRls) < E.eE, mn{UD{kT/e,v,3S/i)) 

^ ('3S/4^s^iT,veE, mD{UD{kT/e,v,6/A)). 
By Lemma [1.3. 2r ii). 

(1.7.15) D,{v) = <^f'-UD{kT/e,v,5/A) e V^{<^f^^v,a, ^,VC). 
Clearly, for any v £ E^, 

(1.7.16) Tk{v) = {w& UoikT/e, v, S/4) : 

In view of p.7.15p we can apply (|1.7.10p which together with the choice of curves 
(p^ yield that for any A > and e small enough, 

(1.7.17) mc„(,)($r/"rfe(t;)) > m^,(„){u; G Dk{v) : 
ro,T(^^, ^^^('')) < S/2} > exp ( - i(Ai + /3 + A)) 

where z^{v) = ni^^e'^^'^ v). By Lemma ri.3.6l it follows that 

(1.7.18) niDiTkiv)) > c{S)mD {UoikT/e, v, 5/4)) exp ( - i(^i + /3 + A)) 
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for some c{5) > 0. Since UoikT/e, v,S/4:) are disjoint for different v G Ek we derive 
from (|1.7.14|) . (I1.7.16|) and p.T.lSp that 

(1.7.19) moiRls) - "^1^(^1+1,.-) > ^D{ \J,eE, ^k{v)) = E.es, rnD{Tk{v)) 

> c{6) exp ( - + /3 + A)) UoikT/e, v, 5 /A) 

> hmoiRl^s) exp ( - -Ml +I3 + X)) 
where eg = c{S)c^s/4Cs/4. Applying (jl.7.19p for k ~ 1,2, n — 1 we obtain that 

(1.7.20) mD{Gl^s)<mD{Rl5)<(^^-^sexp{~^{Ai+l3 + X))'j moiD). 

This together with (|1.7.12p yield that for any (3 > there exists c(/3) > such that 
for all small e > 0, 

(1.7.21) mD{v e D : <(F) > e^^'+f^^/'} < e'^^''^/^ 
Observe that by (|1.7.12p and a.7.20p . 

(1.7.22) r^{V)dmD{v) < EZoi^ + ^)TimD{v € D : 
T^{V) > nT} -moiv £ D : t^,{V) > {n + 1)T}) 

^Tj:n=o^D{veD: r^{V)>nT} 

< TmD{D)d^^ exp {^{Ai + /9 + A)). 

In the same way as at the end of the proof of Proposition 11.5.2( 1) we fix now an 
initial point x — Z^{0) E X and choose discs D to be small balls on the (extended) 
local unstable manifolds W^{w, g), w E W which by means of the Fubini theorem 
and compactness arguments enable us to extend (|1.7.21[) and (I1.7.22P to the case 
when rriD is replaced by m and Z? by W yielding (|1.7.3p and (|1.7.4p since f3 and A 
in (|1.7.22p can be chosen arbitrarily small as e — > 0. 

Next, we derive the assertion (ii). Let t > and n be the integral part oit/T 
where T > will be chosen later. Let, again, D E V^{{x,w),a,p,C) and x eV. 
Then 

(1.7.23) moiv E D : Z'^ir^) E T, r^iV) < t} 

< moiv E D : Z'^viV)) ^ T, t^{V) < {n + 1)T} 

= ELo ^d{v E D : Z^^ir^iV)) ET,kT< t^{V) < (k + 1)T}. 

Let K be the intersection of the w-limit set of the flow 11* with V. Then K is a 
compact set and by our assumption K d G. Hence, 

6=^ mf{\x - z\ : X E K, z eV\G} > 

and if we set Ujj = {z E V : dist(z, K) < 77} then U^s C G. Now suppose that 
kT < tI^{V) < {k + l)T for some fc > 1 and Z^^^{tI^{V)) E T with x E V and 
wEW. Then either there is h E [{k - 1)T, kT] such that Z^^it) eV\U2S for aU 
tE <i + T] or there exist ^3 > such that {k - 1)T <t2 <h < {k + l)T and 
^^10(^2) e U2S while Z^ ,^{t^) E r. Set 7^ = {7 e Co,2T '■ la — z and either there 
is ti E [0, T\ so that 7* G F \ U2S for all t E [ti,ti+ T] or -ft^ E U2S and 743 E T for 
some < t2 < ^3 < 2T}. Then for any fc > 1, 

(1.7.24) {vED: Zlirl^V)) ET,kT< t^{V) < {k + 1)T} 
C{VED: Z^^ir^iV)) E T, ^'-'^^^'v E Af^{%._^^,^)} 
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where = 7ri($r^^w) and A^'^iH) = {w e x W : G i?}. 

Let D C Dq e 'D"(^{x,y),a, p,C'^), x €V (later both discs will be small balls 
on W^{y,C^p)) assuming that p is small and C > 2 is large so that C^p is still 
small. Choose a maximal ((fc — l)T/e, Cp, e, Dq, Do)-separated set Ek~i in Dq and 
let 

Ek-i = {v e Ek-i ■■ Ul)^{{k - l)T/£, «, Cp) n ^ 0}. 
Then for e small enough, 

(1.7.25) DoD \J Uh„{{k-l)T/e,v,Cp)D D 
and for any v,w E -Efc-i, v ^ w, 

(1.7.26) {{k - l)T/e, V, Cp/2) n C/|,„ ((fc - l)r/e, Cp/2) = 0. 

If e Ek^u w e C/|,^((fc-l)T/£,«,Cp) and '^'i'-^'^^ ' ' w e ^(r,e_^(^)) then by 
Lemma [1.3.2f iii'). \z'^_i{w) — zl,_^{v)\ is of order e, and so for each > if e is small 
enough then '^f'^'^'^'^w £ A"/'^ {%._^(^^^). For each g > set = {j e Co,2t : 
^0 — z and ro,2T(7,'?z) < 9} and suppose that for some ry > there is > so 
that 

(1.7.27) inf inf 5o.2t(7) > dr,. 

Then T/'' n ^'o''2t(z) = 0, where *g^t(z) is the same as in Theorem [TOl and so 

(1.7.28) r," C {7 e Co,2T : lo^z and ro,2T(7, ^o^l-^)) > 
Hence, 

(1.7.29) Af^{%) c{{z,w)eVxW: ro,2T(^f,,^), ^^C^)) > v}- 
By Lemma ri.3.2r ii). 

I?fc_i(t;) = $(^-i)^/-C/|,„ ((fc - l)r/£, V, Cp) G a, p, VC) , 

and so applying (|1.7.1ip to Dk-i{v) we obtain from (|1.7.27p - (|1.7.29p that for any 
(3 > and sufficiently small e uniformly in discs Dk-i{v) as above, 

™Dfc-i(t.)(^5'^^(^4_i(«))) ^ CXp(-((i,, - /?)/£). 

This together with Lemma Fl . 3 . 61 yield that for each v E Ek-i, 

^Do{v e U!,^{{k-l)T/e,v,Cp) : ^'-'^^^^'i S ''(^.|_,(.))} 
< (7e"('^''-^')/-mz,,(t/|,„((fc - l)r/e,7;,Cp)) 

for some C > depending only on Cp. Combining this with (|1.7.24p - (|1.7.26p and 
Lemma ll. 3. 61 we obtain that for any fc > 1, 

(1.7.30) moiv e D : Z^{t^) e L, /cT < < < {k + 1)T} < C'e'^'^''-'^)/^ 

for some C > depending only on Cp. 

Next, we will specify d,, in (|1.7.27p choosing 77 < ^J. For each z E V we can 
write 

(1.7.31) r/" c 7;" u 7;" 
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where = {'f e Co,2T : -fo ~ z, -ft^ e U3S and e r2rj for some < t2 < ts < 
2T} with Tr — {z : dist(z,r) < r} and 7^ = {7 G Co,2T ^70 = ^ and there is 
h e [0,T] so that 7t € V2r, \ Us for all t e [ti,ti+T]}. By (fTT^]) and the lower 
semicontinuity of the functional So,2T it follows that for any ^ > we can choose 
77 > small enough so that 

(1.7.32) inf inf So,2Th) > A2 - (■ 

zev ^^f^-i 

Since V \ Us is disjoint with the w-limit set of the flow 11* and the latter is 
closed then if -q is sufficiently small V2,, \ Us is also disjoint with this w-limit set 
and, in particular, it does not contain any forward semi-orbit of 11*. Hence we can 
apply Lemma [1.6.41 which in view of (|1.2.13p implies that there exists a > such 
that for all small 77 > 0, 

(1.7.33) inf inf Sq2t{i) > aT 

zev ^^f,^ 

which is not less than A2 if we take T — A2/a. Now, p.7.32p and (|1.7.33p produce 
(|1.7.27p with d = A2 — C,: and so (|1.7.30p follows with such d^. This together with 
(|1.7.23p yield that for any /? > we can choose sufficiently small C, A > and then 
?7 > so that for all e small enough 

(1.7.34) moiv e D : Z^{t^) e T, t^,{V) < e^^'-^')/"} 

< moiv e D : Z„^(t,';) e T, t^{V) < T} + e"V2e. 

Now assume that (|1.7.7p holds true for some x E V. Recall, that S'ot(7) = 
implies that 7 is a piece of an orbit of the flow 11* . Since no 7 € Cqt satisfying 

(1.7.35) 70 = a; and inf dist(74, 9^) < a(.T)/2 

tG[0,T] 

can be such piece of an orbit we conclude by the lower semicontinuity of Sqt that 
•Sot (7) > c{x) whenever (|1.7.35p holds true for some c{x) > independent of 7 
(but depending on x). Hence, by (|1.7.1ip . 

(1.7.36) molv eD: T^<T}<mD{veD: roT{Zl, {x)) 

> a{x)/2} < exp(-c(x)/2e) 

provided e is small enough and (|1.7.8p follows. Observe also that any 7 e Cot with 
Jo = x E V and jt £ dV should contain a piece which either belongs to some 
or T^, as above, or to satify (ll.7.35p . By (jl.7.32p . (I1.7.33p . and the above remarks 
it follows that £'04(7) > q{x) for such 7 where q{x) > depends only on x, and so 
Rd{x) > q{x). 

Finally, similarly to Proposition 11.5.21 we fix a; = Z^{Q) £ V, choose discs D 
and Dq to be small balls on the (extended) local unstable manifolds W^{w, q), w £ 
W, q > and using the Fubini theorem we extend (|1.7.34p and (|1.7.36p to the case 
when D and mo are replaced by W and m, respectively, yielding (|1.7.6p . If F = dV 
then by f^TT^ and f^UTE^ . 

(1.7.37) Tly{V)dm{y) > e^^^'i^^l^ m{y e W : r% y{y) > e(^2-/5)A} 

> g(A2-/3)/e(-;L _ e-HP)/^ _ e-^(^)A) 

and, since /3 > is arbitrary, (|1.7.9p follows completing the proof of Proposition 
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Now we will derive Theorem 1 1 . 2 . 5 1 from Proposition II. 7. l"! Assume, first, that 
Rd < oo. Then by Lemma If .6.4| Rd{x) is finite and continuous in the whole V. 
Moreover, since O is an S'-attractor the conditions of Lemma [1.6. 51 are satisfied with 
some d{t) — > as t ^ cx) the same for all points of V which yields the conditions 
of Proposition [LLTJi) with Ai ^ Ro + 5 for any (5 > 0. Hence, (|f.7.3p and (|f.7.4|) 
hold true with Ai = Rq. Since O is an S'-attractor of the flow H* and its basin 
contains V then the intersection oiV \ with the w-limit set of H* is empty. By 
the definition of an S'-attractor for any 77 > there exists an open set D O such 
that z) < 7] whenever x G O and z S J7^. Hence, by the triangle inequality for 
the function R and Lemma [1.6.51 for any set F C dV, 

(1.7.38) inf Riz,z)> M R^iS)~Ti. 
zeU(,ier ser 

If r = dV then by Lemma [1.6.5l the right hand side of ()1.7.38p equals A2 — Rd — rj- 
Assuming that Rg < 00 we can apply Proposition 1 1 . 7 .iT iil with such A2 yielding 
()1.7.6p . ()1.7.8p and since 77 > is arbitrary (|1.2.21|) and ()1.2.22|) follow in this case. 
If Rg = 00 then p.2.22p is trivial and by (|1.7.38p . R{z, z) — 00 for any z ^ Uq and 
z G dV, and so we can apply Proposition II. 7. IT ii) with any A2 which sais that the 
left hand side in (|1.7.9p equals 00, and so (|1.2.2ip holds true in this case, as well. 

Next, we estabhsh (|1.2.23p . For smaU (5,/3 > and large T > which wiU 
be specified later on set Ti ^ {v e Vs xW : Z^{T) e V \ Us/2{0)}, T2 = {v e 
Us/2{0) X W : tI{Us{0)) < e^^l^} and = T + e<^l^-. Then 

(1.7.39) eS((n -f \)t, A Tliy)) - Q%[nt, A tI{V)) 

<T + t, (Ir, (a>^"/S) + V, X w\r, (<i>^"/'^^)Ir. {'^>y'^'v)) . 

If 6 is sufficiently small then Vs is still contained in the basin of O with respect to 
the flow H', and so we can choose T (depending only on 6) so that 

U^Vs C Us/4{0). 

Then for some a > 0, 

inf {Sot(7) : 7 ^ Cqt, 7o € Vs, 7t ^ Us/3{0)} > a, 

and so if 70 G Vs and 7t ^ Us/2iO) then dist(7, *gj.(z)) > 5/6 for any z G V5. 
Relying on (|1.7.1ip we obtain that for any D G T>'^{z, a, p, VC) with D cVp xW, 

(1.7.40) mj3(Fi ni)) < e""/2^ 

provided e is small enough. Next, the same arguments which yield (|1.7.34p and 
(|1.7.36p enable us to conclude that if /3 > is small enough then for any D G 
V^{z, a, p, VC) with D c Us/2iO) x W, 

(1.7.41) TOj5(F2 ni)) < e-/^/^ 

Now let D G V^{z,a,p,C), z = {x,y), D C Vs x W and D C Do e V^{z,a,p,C^) 
with p small and C large so that C^p is still small. Let En^ and E'i?' be maximal 
{nt^e~^,Cp,e,D,Do)— and ((nt^ + r)e^^, Cp, e, D, Do)— separated sets, respec- 
tively. Then 

^^^EL''Uh{nt,e'\v,Cp) D 

and since the last union is contained in a small neighborhood of D and 
Ujj{nteS^^,v,C'p/2) are disjoint for different v G En^ we obtain using Lemma 
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on that 

Similarly, 
and 



moiUhintee ^ ,v,Cp)) <2C(j\c^^^^jnfiD{D). 



(2) 



J2 moiUhiint, +T)e-\v,Cp)) <2cclccl/2mD{D). 

Since by Lemma ll.3.2f ii). 

'S>lUh{t,v,Cp)eVi'S>lv,a,p,VC) 

we can apply (|1.7.39p - (|1.7.41[) together with Lemma [1.3.61 (similarly to the proof 
of (jl.7.30|l ) in order to conclude that for sufficiently small /3 and any much smaller 

{Qliin + 1% A <(y)) - eiint, A <(F)))dmc(«) < t^e^f'/'iT + 1). 

Choosing discs D to be small balls on the (extended) local unstable manifolds 
W^(w, g), w E W together with the Fubini theorem we extend this estimate to 

(1.7.42) / {Ql{{n+l%AT^{V))-Ql{nt,AT^{V)))dm{v)<Ct,e^/' 
Jw 

for some C > depending on 6 but independent of n and e. Finally, (|1.2.22p 
and (|1.7.42p together with the Chebyshev inequality yield that for n{e) = 
jg(fl'a+/3/4)/e^-ij^ each X &V, a, small /3 > and any much smaller e > 0, 

(1.7.43) m{weW: QUtIJV)) > e-f^/^^rlJV)} 

< m{w £ W : e|^„((n(e) + l)t,) > e-/3/4eg(i?.a-/3/4)/e| 
+m{w G W : tUV) < e(«a-/3/4)/e t^^^{V) > e(^a+/3/4)A'} 

< (76-^/4^(1 + e-(fl.a+/3/4)/e(2^ + ^ g-A(/3/4)/s^ 

Since Rg > and we can choose /3 to be arbitrarily small, (|1.7.43p yields (ll.2.23p . 

In order to complete the proof of Theorem 11.2.51 we have to derive (11.2. 24p . If 
5min = 9V then there is nothing to prove, so we assume that dj^in is a proper subset 
of dV and in this case, clearly, Rg < oo. Since T = {z £ dV : dist(z, cJmin) > 
6} is compact and disjoint with daiin which is also compact then by the lower 
semicontinuity of R^{z) established in Lemma fl.G.Sr iii) it follows that R'^{z) > 
Ra + P for some /3 > and all z£T. Then by (|1.7.38p . R{z, z)>Ra + f3/2 for any 
z £ Uf3/2 and z £T. Hence, applying Proposition II. 7.11 we obtain that 

m{y £ W : Tly{V) > e(-"^«+3'3)/s| < ^-x/e 

and 

m{y£W: ^^,,(<,(1^)) £ F, r^jV) < e^^^+i^/^} < e"^/^ 

for some A > and all e small enough yielding (|1.2.24p and completing the proof 
of Theorem on □ 
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1.8. Adiabatic transitions between basins of attractors 

In this section we will prove Theorem 1 1 . 2 . 71 reiving, again, on Proposition II. 7. II 
together with "Markov property type" arguments and at the end of the proof we 
will apply even some rough "strong Markov property type" arguments in order to 
deal with subsequent transitions between basins of attractors. In view of ()1.2.27|) 
and Lemma II. 6. 21 any curve 7 S Cot starting at 70 = a; G Vj-^ and ending at 74 — 
z € f^i<i<kdVj., k < £ can be extended into each Vj., i = 1, ...,k with arbitrarily 
small increase in its S'-functional. Hence, 

(1.8.1) i?^'^=mini?y 

where i?^'^ = inf{i?(a;,z) : x £ Oi, z e dVi}. Let Q be an open ball of radius at 
least To centered at the origin of M"^. By Assumption 11.2.61 the slow motion ^ 
cannot exit Q provided x d Q and y G W. Furthermore, it is clear that Q contains 
the w-limit set of the averaged flow H*. Assumption 1 1 . 2 . 6l enables us to deal only 
with restricted basins = Vi n Q and though the boundaries dV^ of may 
include now parts of the boundary dQ of Q it makes no difference since Z"^ cannot 
reach dQ if it starts in Q. Set V*^*^ = Q \ ^j^iUs{Oj) where (5 > is small enough. 
We claim that in view of (|1.2.27p each Vi satisfies conditions of Proposition 1 1 . 7. iT i) 
for any /3 > with Ai — i?^ + (3 and some T ^ Tp depending on /?. Indeed, set 

5(?7) ^{v£Q: dist(w,Ui<j<^.aV,) <r]},r]> 0. 

In view of (|1.2.9[) and (|1.2.27[) there exists L > such that if 77 is small enough 
and z G d{r]) we can construct a curve tp^ G Co,Lr) with SQ,L-q{^^) < L-q, ipQ = 
z, ipf £ Vj \ d{r]) for some t £ [0,7^77] and j — 1, ...,£ where L — Lsup^ y \ip^{y)\. 
Since Vj is the basin of Oj there exists T = T^i^s such that Ii'^(pt G Us{Oj) and 
extending ip^ by the piece of the orbit of 11* we obtain a curve G Co,l,,+t starting 
at z, entering Us{Oj) and satisfying 5'o,Lr)+T(<^^) < L-q. Hence, for z £ d{r]) the 
condition (|1.7.2p holds true with V = V^'^^ and Ai = Lrj. Since the w-limit set of the 
flow H* is contained in Qn (Ui<j<£ (c^VjUOj)) it follows from Assumption 1 1 . 2 . 6l and 
compactness considerations that there exists T = T^f.s such that for any z £ Q\Vi 
we can find £ [{),f] with H*-z G dij]) U ( Uj^i U&{Oj)). If H*-z G \Jj^iUs{Oj) 
then we take tpl = H*z, t £ [0,f] to satisfy ^^iJl\ for V = V^''^ and Ai = 0. 
If H*'=z G 9(77) then we extend the curve ipl = H*z, t £ [Q,tz\ as in the above 
argument which yields a curve (p^ starting at z, ending in some Us{Oj), j ^ i 
and having its S'-functional not exceeding Lrj. Finally, in the same way as in the 
proof of Theorem 11.2.51 for any /? > there exists T = T,-ij^i3 such that whenever 
z £ Vi{ri) — Vi n Q \ 9(77) we can construct (p^ £ C^f such that (|1.7.2p holds true 
with V ~ Vi{r]) and Ai — Rq'' + [3/2 and, moreover, Aist[pl,Vj) < 77 for some 
t < T and j i with Rij = Rq'^. Then in the same way as above we can extend 
to some (f^ £ Cf^f so that i^f G Us{Vj) for some j as above, t < T + T 
and S^ f^fip^) < Rf + 13/2 + Lri which gives pTT?^ for aU z G = V^^ with 
Ai = R^Q^ + 13 provided 77 is small enough. Hence, Proposition 1 1 . 7. iT i) yields the 

estimates (|1.7.3p and ()1.7.4p for T^^y{i) in place oiT^ y{V) with Ai = Rg\ In order 
to obtain the corresponding bounds in the other direction observe that in view of 
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(I1.2.27P . 

(1.8.2) Ro\6) = M{R{x,z) : xeO„ z<^ Vi{ri)} i?^'' as S ^ 0. 

Since Vi (?/) is contained in the basin of Oi we can apply to Vi (rj) the same estimates 
as in Theorem 11.2.51 which together with (|1.8.2p and the fact that the exit time of 
Z'^ from Vi{ri) is smaher than its exit time from Vi provide the remaining bounds 
yielding (|1.2.28p and (ll.2.29p . 

Next, we derive (|1.2.30p similarly to (|1.2.23p but taking into account that 
^i<j<e9Vj may contain parts of the w-limit set of the flow H* which allows the 
slow motion Z"^ to stay long time near these boundaries. Still, set 

0^ = inf{t > : Z,^(i) e Ui<j<,Us/3{0,)}. 

Using the same arguments as above we conclude that for any 77 > there exists 
T = T,ij such that whenever z G Q we can construct ip^ G Cqt with <^q = z, (^^ G 
^i<j<eUs{Oj) and Sorif^) < ij. This together with p.7.2ip and Assumption 021 
yield that for any disc D e 'D'^{z, a, p,C), D C Q x W, 

moiv GD: ei> e^"/^} < e-^^")/"^ 

for some A(77) = \{x, 77) > and all small e. Set 

Ti = {veQ-xW : Zlie""^'') e Q \ Ui<,<,C/^/2(Oj)} , 

T2 = {ve Ui<,<iUs/2{0,) : <(Ui<j<, UsiOj)) < e^/'} 

and tf; = e^**/^ + e^^'^ where rj is much smaller than p. Then proceeding similarly 
to the proof of (|1.2.23p as in (|1.7.40p - (|1.7.43p above we arrive at (|1.2.30p . 

Next, we obtain (|1.2.3ip relying on additional assumptions specified in the 
statement of Theorem 11.2.71 Let be the same as above and dQ\x) ~ {z E 
ay,^ : Rix,z) = 4*)}. Since Oi is an ^-attractor it follows from Lemma Tl. 6.5( 1) 
that R{x, z) and d^ ^x) coincide with the same function R^^{z) and the same (in 
general, may be empty) set d^^\ respectively, for all x G Oi. By Lemma [1.6.2( 1). 
our assumption that B is complete on dVi implies that R'^^{z) is continuous in a 
neighborhood of dVi, and so i9g''* is a nonempty compact set. Since we assume that 
t(i) ^ i is the unique index j for which Rij = Rii,(i) = Rg^ then by (|1.2.27p . 

min inf dist{z,dVj) > 0. 

Observe that if O C dVi is an S'-compact then either O C a^'-* or (!) n 9^'^ = 0. 
Denote by Lu the cj-limit set of the averaged flow H* . Since Ln H dVi consists of a 
finite number of S'-compacts it follows that 

inf{|z - z| : z e Ln n 9^'^ S e Ln\ d^'^} > 0. 
By the continuity of R^^ (z) in z G dVi there exists a > such that 

inf {i?^'(z) : z e ( U,^,,,(,) (dV, H dV,)) U ((Ln \ 4'') ^ dV^} > R^ + 9a. 

These considerations enable us to construct a connected open set G with a piecewise 
smooth boundary dG such that 

G c U (K(,) \ 0.(.)) U {{dV n \ (Ln \ d^^)) 
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and for T = dG \ Us{0^(^i)) and some a{5) > 0, 

(1.8.3) ini R°Hz)> R^f^ 

provided a < a{S). The idea of this construction is that if Z^ y{T^y{i)) ^ Vi,(i) 
then the slow motion should exit G through the part T of its boundary. Somewhat 
similarly to the proof of Proposition 11.7. If ii) we will show that for " most" initial 
conditions y this can only occur after the time exp + 2a) /e) and, on the other 

hand, we conclude from p.2.29p that for "most" initial conditions y the exit time 
T^^y{i) does not exceed exp ((-Rg'' + a)/^). 

Let Uq be a sufHciently small open neighborhood of d^'^ so that, in particular, 

sup i?'^- (z) < Rf + a 

zeUo 

and set 

T^yiG) = inf{< > : Zly{Tly{G)) ^ G}. 
For each disc D e I?"((a;, w), a, p, C) we can write 

(1.8.4) {t, e D : r^{G) < e(«a'+'^)/^ Z„^(r,^(G)) G T} C Uo<n<„(e)+i W U 

U(„-i)*.<fe<(„+i)*. (A^DHk) + Af{k) + Ufe-2t.<™<fe-2T A'd\^) n Ag^fc))) 

where t, = e''/^ for some smah /? > 0, n{e) [e(^a'+"-/3)/s] , A^^(n) = {t; e 
D : Zl{t) e G \ (UniO^) U Us{0,^,))) for all < G [(n - l)ie,nie]} for a sufHciently 
smah > 0, ^^^(fc) = {w e D : 3ti,t2withA: < ti < < fc + 3T, Z^(ti) e 
U^iO,), zi{t.2) e r}, Ag^(fc) ^ {v e D : zi{t) e G \ (C/o U C/^(0,) u 
Us{0,(^V))) for alH e [fc,fc + T]}, {m) ^ [v e D : 3ti,i2withm < ti < t2 < 
m + T, ZlXh) G ?7^(0»), ^^(i2) e C/o}, and ^g^(fc) = 3t3,t4with/c < 

h<U<k^T, Z'^{t3) e C/o, Z^i U) £ r}. Observe that G \ (C/^(aO U C/5(0,(,))) 
satisfies conditions of Proposition 1 1 . 7. iT i) with arbitrarily small Ai, so similarly to 
(|1.7.2ip (and taking into account Lemma ri.3.6|) we can estimate 

(1.8.5) mD(4^^(n)) <exp(-ie'^/^). 
Similarly to the proof of Proposition 11.7. If ii) we obtain also that 

(1.8.6) max(mi5(Ag'(fc)),mi5(Ag'(fc))) < e-t^a'+s-^)/^ 

where we, first, choose 77 small and then T large enough. 

Next, we estimate m^i (A^-* (m) n ^^■'(fc)) for m < k — 2T by the follow- 
ing Markov property type argument. Let Z? C -Do G ((2^, y), C*^) and 
choose a maximal (fc/e, Gp, e, 13, Z3o)-separated set E in D. Let E — {v G E : 
Uf,^{k/e,v,Cp) n A''^\m) ^ 0}, i = U„g^C/|,^(fc/e, Gp) and - {7 e Cot ■ 
3ti,t2with0 < h < t2 < T, e C/2,,(C'i) and dist(7f2 , C/q) < 77}. Assume that 
dist(2;,M'^ \ C/o) < 77 for any z € dVi. By Lemma [l. 6.2 f i). R{x,z) is continuous in 
z when z belong to a sufficiently small neighborhood of dVi which together with 
the definition of S'-compacts yields that S'ot(7) > R^q — 3a/2 for any 7 e T', 
provided 77 is small enough. Observe that Z^ € for any v G A, provided 
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e is sufficiently small. These together with the arguments similar to the proof of 
Proposition 1 1 . 7. iT ii) yield the estimate 

(1.8.7) mi5(i) < e-(^a'-^")/^ 

for all e small enough. Since Ufj^{k/e,v, \Cp) are disjoint for different v £ E we 
obtain by Lemma 11.3.61 

(1.8.8) rriDiA) > ^ Uh,ik/e,v,^Cp) > c Uh,{k/e,v,Cp) > cmoiA). 

where c — ccpCcp/2- In a similar way we obtain that for each disc D = 
<i>e'/"[/|,„(fc/£,z;,Cp), 

(1.8.9) m£,(Lin^g^(fc)) < e^S"/-^ 

provided e is small enough. By (ll.8.7p - (|1.8.9p together with Lemma [1.3.61 

(1.8.10) mD{A^D\m) n A^^\k)) < e-(«a'+3a)/^ 

provided m < k — 2T and e is small enough. Summing in m, k and n we obtain 
from (|1.8.4p - (|1.8.6p and (jl.S.lOp that for a small /? and all sufficiently small e, 

(1.8.11) moiv e D : <(G) < e(«a'+'^)/^ ^S«(G)) G P} < e-^^'. 

Taking discs D to be small balls on the (extended) local unstable manifolds 
W^{w,q) and using the Fubini theorem as before we obtain p. 8. lip for m and 
yV in place of and D, respectively. On the other hand, employing Proposition 
11.7. If i) we derive that 

m{v e W : T^{G) > e(^o'+")/"} < e-^^" 

for some A > and all e small enough which together with (|1.8.1ip considered for 
m and W in place of and D yield (|1.2.3ip . 

In order to complete the proof of Theorem 11.2.71 it remains to derive (|1.2.32p 
and (|1.2.33p . Both statements hold true for n = 1 in view of (|1.2.29p and p.2.3ip 
but, in fact, we will use them as the induction base with mjj and D in place of m 
and W where D G V^iz, a, p, C) and D C (QnVi) xW which holds true in view 
of (|1.8.4p - p.8.1ip together with the corresponding form of Proposition 1 1 . 7 . H For 
such D and n £ N set 

HD{n,a) = {v £ D : Y.l{k,~a) < Ty{i,k) < T.l(k,a) Vfc < n] 

and 

GD{n) = {v£D: Zl{Ty{i,k)) £ Vfc < n). 

As the induction hypotesis we assume that for any a > there exist A(a) > and 

A > such that for all small e, 

(1.8.12) 

mD{HD{n,a)) > moiD) ~ ne-^^'^^'^ and TO£,(Gd(7i)) > moiD) ~ ne-^'" . 
Set a — 6/ AK where K is the same as in (11.2. ISp so that if 

Td{1) = Toil, n, a) = {v £ D : {I - l)a < T^{i,n) < la} n Goin) ni?£)(n, a) 
then 

(1.8.13) 36/4 < dist(Z^(t), ) < 5(5/4 for aU v £ Toil) and t £ [{1 - l)a,la]. 
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Choose also N = Na so that for any t > {N — l)a, 

(1.8.14) n* U2S {Oj ) C C/5/4 (Oj ) for each !,...,£. 

Let El be a maximal (/a/e, Cp, e, r£i(Oi -Do)-separated set where D C -Do <= 
I?^(z,a,p,C3) as before. Set 

then for e small enough, 

-Do D rg(0 D rz5(0. 

We claim that there exists /3 > such that if Cp < (5/4 then for all small e, 

00 

(1.8.15) mn{r'i,{l)n \J T'^U)) < e~^'/'mn{T'i,{l)). 

j=l+N 

Indeed, let T = {7 e Co^ato : 7o e [/25(0,„(j)), G t/35/4 j)) for some ti e 
[0,Na] and 7* ^ [/5/2(Ct„(j)) for all t e [0,7Va]}. Then by (|1.8.14|) and the lower 
semicontinuiti of the functional So,Na we obtain that 

(1.8.16) inf {S'o,jva(7) : 7 e ^} = '7 > 0. 

Since by Lemma ri.3.2r iil and (iii) for any w G D{t,v) = t/|,^ (t, t;, Cp) the dis- 
tance \ttiW — 7ri$*u| has the order of e we conclude from (|1.8.13p and p.8.16p that 
for each v G Td{1), 

vo,Na{ZI, KNaC^)) > ^/S for any d e D{la/s, v) n $^"/^ U°^,+^ rK(j). 

Hence, by ()1.7.1ip and Lemma [1.3.61 it follows that for any v E ^d{1) and all e 
small enough, 

mDoiUh,{la/e,v,Cp)n \J T'^U)) < e-^/'-mD,{Uh„{la/e,v,Cp)) 

j=l+N 

and since [/|,^ {la/e, v, Cp/2) are disjoint for different v G Ei we apply Lemma [1.3. 61 
once more and obtain (|1.8.15p . 

Set Qoin) = 7?D(n, a) n Gr,(n) \ -ffD(n+ 1, a) n Gr,(7T. + 1). Applying (|1.8.12|) 
with n = 1 to each D = D{la/e, v), v E Ei and using Lemma [1.3.61 we derive also 
that 

(1.8.17) ™Z3(rK(/) n Qoin)) < e~^/'mD„{^'l>{l)) 
for some f3 > and all small e. By (|1.8.17p we can write 

(1.8.18) niDiQain)) = Esf (n,-a)<i<Sf (n,a) mD{TD{l) n Qoin)) < 

Observe that for any finite measure /x, measurable sets Ai,A2,... and integers 

k,N>0, 

kN N fe-2 

(1.8.19) ^p(A,) -^(MU-=o^J+*fc)+5I/^(^J+^A'n U A,+rN)) 
1=1 j = l i=0 r=i+l 
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which follows applying fi{A U A) = + fJ.{A) — fi{A O A) to A = Aj+iN and 

^ = '^r^i+i^j+rN for i = 0,1,..., A; - 2. Applying (|1.8.19|) for fi = and 
Ai = rg(0 it follows from (jl.S.lSp that 

kN kN 

rriDo (rg(0) < Nmn„ {Do) + e"''/^ ^ m,,„ (rg(0) , 
i=i (=1 

i.e. for any k E N, 

kN 

1=1 

This together with (|1.8.12p and (|1.8.18p complete the induction step and proves 
(ll.2.32[) and (|1.2.33[) for D and tou in place of W and m. Finally, as before we 
complete the proof of Theorem 11.2.71 by choosing discs D to be small balls on the 
(extended) local unstable manifolds W^{'w,q), w G W which together with the 
Fubini theorem enables us to extend the estimates to W and m as required in 
(|1.2.32p and (|1.2.33p . □ 



1.9. Averaging in difference equations 

For readers convenience we start this section with the setup and necessary tech- 
nical results from [52| refering there for the corresponding proofs. These results 
are similar to Section [TT51 and we refer the reader also to [54] where more details of 
proofs can be found than in [52\ and though [54) deals only with the continuous time 
case the corresponding discrete time proofs can be obtained, essentially, by simpli- 
fication. We will discuss below mainly the Axiom A case since the corresponding 
proofs for expanding transformations can be obtained, essentially, by simplification 
of the same arguments, roughly speaking, by ignoring the stable direction. 

As in Section 11.31 we will use the representations £, = S,'^ + of vectors 
^ e r(]R'' X M) = M'' ® TM, the norms |||^||| and the distances dm and •) 
on M and on M"* x M, respectively. It is known (see [39]) that the hyperbolic 
splitting Ta^ M = © F" over A^ can be continuously extended to the splitting 
TwM = ® over W which is forward invariant with respect to DFx and 
satisfies exponential estimates (|1.3.ip with a uniform in x £ X exponent k > 0. 
Moreover, by [70] (see also |16j ) we can choose these extensions so that T^{w) and 
T^(w) will be Holder continuous in w and in x in the corresponding Grassmann 
bundle. Actually, since W is contained in the basin of each attractor A^,, any point 
w £ W belongs to the stable manifold W^{v) of some point v £ Ax (see |13)). 
and so we choose naturally F^(u') to be the tangent space to W^{v) at w. Now 
each vector ^ £ Tx.w{X x W) ~ T^X ® T^W can be represented uniquely in the 
form C + r + r with £ T^X, e Ki^)^ and C G ^liw)- For each 

smah e,a > set C"(e,a) = {i £ T{X x W) : < ea-^HCII and H^'^H < 

£a-i||C"||} and Q^(e,a) = C"(£,a) n Tx^w{X x W) which are cones around F" 
and Tl{w), respectively. Similarly, we define C^(£,a) ^ {£, £ T{X x W) : ||CI| < 
ea-^lj^'^ll andllC-^ll < ea-'^WW} and C^^^{e,a) = C"(e,a) n Tx,an{X x W) which 
are cones around F* and F^(u'), respectively. The corresponding version of Lemma 
11.3.11 is proved in [52j and the discrete time versions of Lemmas 11.3.21 and 11.3.31 
follow in the same way as in |54j . Let, again, I?"(z, a, p, C) be the set of all 
embedded n„— dimensional closed discs D <Z X x W such that z £ D, TD C 
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C"(e,a) and ii v e dD then Cp < doiv^z) < C'^p. For D e V^{z,a,p,C) and 
z = {x,y) e D C X X W set Ufj{n,z, g) = {z e D : < g} 

and let TTi : A" x W ^ A" and tt2 X x W ^ W he natural projections on the 
first and second factors, respectively. The same proof as in ^54j yields the following 
discrete time version of Proposition II . 3 .41 

1.9.1. Proposition. For any p,C,b > with C large and Cp small enough 
there exists a positive function ^6,p,t(A, s, e) satisfying \1.3. ?| ) such that for any 
x,a;' e A", y e W, n > m, fc < I - n, /3 e M'', |/3| < b, D G V^{{x,y),a, p,C), 
z (z D and V ~ Ufy{t, z, Cp) <Z D we have 



(1.9.1) 



i exp(/3, Y:;+^-' B{x\ Y,%3)))dmD{v) + { log J^{n, z) 

< Ch.p,T(£fc,min(fc,(logi)^),e) 



-^F„,.„((/3,i?(x',-)) + ^;j,.j 

where Zn = $"2; and A € (0, 1). 

Next, observe that the results of Section 11.41 above are so general that they 
work both for the continuous and the discrete time case. Now, we will discuss the 
discrete time version of Lemma 11.5.11 

1.9.2. Lemma. Let Xi, Xi G X, i = 0, 1, iV, — to < ti < ... < tN-i < t^ ~ 
T, A niaxo<i<jv-i(ii+i - ti), S,i = (xi - Xi-i){ti - ti-i)^^ , n{t) = max{j > : 
t > tj}, ij{t) = x„(t) and 

(1.9.2) mv,x) = {[e-h,]-[e-h,^^])-' Yl B{x,Y,%k)). 
Set for t^ en e [0,r],neN, 

(1.9.3) Zl-'^,{t)=x + e J2 Biijiek),Y,^k)) 

0<k<n 

and for t G [ne, (n + l)e), 

(1.9.4) Z^.itit) = {n + l- tle)Zli(en) + {tje ~ n)Zli{e(n + 1)). 
Then 

(1.9.5) \^{v,x,-^) - {t, ~ t,^^)-\Zl{t,) - Zl[t,^{))\ < K\ZUt,-i) - 

+ lK^{tj - tj^i) + Ke{A + KT + KT^ + r|7rii;| + 

(1.9.6) supo<s<t |^^;;^(s) - 'i/'(s)| < |a;-xo| +maxo<j<„(t) -ijl 
+2e{K + maxi<i<Ar |^,;|) + K/\ + n(t)A maxi<j<„(t) |SJ(?;,Xj_i) - fj| 

and 

(1.9.7) sup |Z^(s)-Z^;^(s)| < e^*(4ife + |7riv-a;|+ift sup |Z^;^(s)- V'(s)|) 

0<s<t ' 0<s<t 

where, recall, Zl{s) — X^{s/e) and ttiw — z G X if v — (z,y) G X x M. 

Proof. The proof of (jl.9.5[) and (|1.9.6p is strightforward using the definitions 
(|1.9.2p ~ (|1.9.4p in the same way as the proof of (|1.5.2p and (|1.5.3p only the integrals 
in the latter case should be replaced by the corresponding sums in the former one. 
The estimate (|1.9.7p follows in the same way as (|1.5.4p only the use of the standard 
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Gronwall inequality in the latter proof should be replaced by the discrete time 
version of the Gronwall inequality as in Lemma 4.20 of |25) . □ 



Now the proof of the discrete time version of Proposition 11.5.21 and of the 
remaining part of the proof of large deviations bounds (|1.2.16p and (|1.2.17p for 
the discrete time case proceeds almost verbatim as the corresponding continuous 
time proofs in Section [T75l Observe that in the discrete time case the functionals 
Sot are given again by (ll.2.13|) with Ix{i^) defined by p.2.8|) where = Fx and 
Lp^{x) is given by p.2.34p . The property of /-functionals described in Lemma Fl-G-ll 
follows directly in the discrete time case via conjugation since we do not have to 
deal with the time change here. Other auxiliary results of Section [1.61 are derived in 
the discrete time case exactly in the same way as there. The proof of the discrete 
time versions of Theorems 11.2.51 and 11.2.71 under the corresponding assumptions 
goes through exactly in the same way as its continuous time counterpart in Section 
11.61 yielding the assertion of Theorem 11.2.101 □ 

Next, we exhibit computations demonstrating a discrete time version of The- 
orem 11.2.71 for simple examples. The maps F^ in both examples have the form 
FxU — 'iy + X (mod 1) where x S and y S [0, 1] but by identifying the end points 
of the unit interval we view F^ as expanding maps of the circle . The function 
B from (jl.l.lOp is given in the first example by 

B{x,y) = x{x'^ - 4)(1 - x^) + 50sin27ry. 

Hence, we are dealing here with the maps $e : x ^ x defined by 

^eix, y) ^ {x + e{x{x'^ - 4)(1 - x'^) + 50sin27r?;), Sy + x (mod 1)). 

All maps Fx preserve the normalized Lebesgue measure Leb on and it is the 
SRB measure Hx^^ for each Fx in this simple case. The averaged equation (jl.l.lip 

for Z{t) = X'^{t/e) has here the form 

^ = ^m), 

where B{x) — x{x'^ — 4)(1 — x^). The one dimensional vector field B{x) has three 
attracting fixed points Oi — 2,02 — 0,0^ ~ —2 and two repelling fixed points 1 
and —1. In order to apply the discrete time version of Theorem ll.2.7l (i.e. Theorem 
11.2. lOp to this example we have to verify that B is complete at the fixed points 
—2,-1, 0, 1, 2 of the averaged system. Since at these points Fx coincides with the 
map y 3y(mod 1) we can take the periodic orbits 1/8,3/8 and 5/8,7/8 of the 
latter and notice that the average of sin 27ry along the former is 1/ -^72 and along 
the latter — 1/\/2 which yields completness of B at zeros of B. 

According to the corresponding part of Theorem 11.2.101 which is a discrete time 
version of Theorem 11.2.71 the transitions between Oi,02, and O3 are determined 
by Rij, i,j — 1, 2, 3 which are obtained via the functionals 5*04(7) given by p.2.13p . 
Even here these functionals are not easy to compute though their main ingredients 
the functionals Ix(y) from (jl.2.8p are given now by the simple formula 

In 3 — hy{Fx^ if v is Fa;-invariant 
00 otherwise 



and the set of F2;-invariant measures can be reasonably described since all fir's 
are conjugate to the simple map y 3j/(modl). We plot below the histogram 
of a single orbit of the slow motion yin), n = 0, 1, 2, 10^ with e — 10^"^ and 
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Figure 1.9.1. Symmetrical basins case 

the initial values x — Q, y = 0.001. The histogram shows that most of the points 
of the orbit stay near the attractors d, O2 and O3 and X^ y{n) hops between 
basins of attraction of these points. The form of the histogram indicates (according 
to Theorem I1.2.7P the equality R21 = R23 and in this case Theorem 11.2.71 (or its 
discrete time version) cannot specify whether the slow motion exits from the basin 
of O2 to the basin of Oi or to the basin of O3. Observe that Theorem 11.2.71 is an 
asymptotical as e — s- result and it takes an exponential in 1/e time for a typical 
orbit to exit from the basin of one attractor and to hop to the basin of another 
one. Hence, the computations should be done for small e and exponentially long 
in 1 /s orbits which is time consuming, so we put a big coefficient in front of sin 
which makes this exponent smaller. Of course, it is hard to be absolutely sure 
that e in our computations is small enough and the number of iterates is large 
enough to demonstrate faithfully the real situation in this case but we found that 
our histograms are rather robust, for instance, their shapes have the same form for 
e = 10~^ when the number of iterates ranges from 10* to, at least, 10^^ and various 
initial conditions were checked, as well. 

Our second example differs from the first one only in B which is given now by 

B{x,y) = x{x'^ - 4)(1 - a;)(1.5 + x) + 50sin27r?/. 

Here the averaged system has the same attracting fixed points Oi = 2,02 = 0, 03 = 
—2 but one of two repelling fixed points moves from —1 to —3/2. This makes the 
basin of attraction of —2 smaller while the left interval of the basin of attraction of 
becomes larger. The latter leads to the inequality R23 > R21 which according to the 
discrete time version of Theorem 11.2.71 makes it more difficult for the slow motion to 
exit to the left from the basin of O2 than to the right. As in the first example in order 
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Figure 1.9.2. Asymmetrical basins case 

to apply the latter result we have to check that B is complete at all zeros of B but 
since we did this already for all integer points it remains to verify completness only 
for X — —3/2 which follows since sin27ry equals 1 and —1 at two fixed points 1/4 and 
3/4 of F_3/2, respectively. In the histogram here we plot X^ y{n), n = 0,1, 2, 10^ 
with e = 10~^ and the initial values x = —2, y — 0.001. In compliance with the 
discrete time version of Theorem 11.2.71 the histogram demonstrates that the slow 
motion leaves the basin of O3 and after arriving at the basin of O2 it exits mostly 
to the basin of Oi, and so the slow motion hops mostly between basins of Oi and 
O2 staying most of the time in small neighborhoods of these points. 



1.10. Extensions: stochastic resonance 

The scheme for the stochastic resonance type phenomenon described below is 
a slight modification of the model suggested by M.Freidlin (cf. [291) and it can be 
demonstrated in the setup of three scale systems 



(1.10.1) 



^ = SeAiW^^it),X^'^it),Y'^^{t)) 
eB{W^^\t),X^'^{t),Y^^^{t)) 





(*) 


dt 




dX^-^ 


(t) 


dt 




dY" 


'(*) 



E.5 _ 



dt 

« X^'* = X^^^ y, Y^^^ = Y^'l y with initial conditions W'^O) = 
X^'^iO) = X and Y'^'^iO) = y. We assume that W'^ G R', X^'^ £ 
while Y^'^ evolves on a compact riM-dimensional Riemannian manifold M 
and the coefficients A, B, b are bounded smooth vector fields on R', M'' and 
M, respectively, depending on other variables as parameters. The solution of 



w, 

iOd 
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()1.10.ip determines the flow of diffeomorphisms $* g on M' X M'* X M acting by 
^lsi^,x,y) = {WZi,y{t),Xl''^Jt),Y^'ly{t)). Taking e = S = we arrive at the 
(unperturbed) flow = $0.0 acting by ^^{w,x,y) = {w,x,F*^^^y) where F^ .^ is 
another family of flows given by F^_^y = Yw^x,y{t) with Y — Yw.j:,y — which 
are solutions of 

(1.10.2) ^^^6(u;,x,y(t)), y(o)-j/. 

It is natural to view the flow $* as describing an idealized physical system where 
parameters w = (wi, wi), x = (cci, Xd) are assumed to be constants of motion 
while the perturbed flow ^ is regarded as describing a real system where evolution 
of these parameters is also taken into consideration but unlike the averaging setup 
(jl.l.ip we have now two sets of parameters moving with very different speeds. 

Set W^^^it) = X^-'^{t) = X^'''(^), Y^'^it) = F^'*(^), and pass from 

(|1.10.1[) to the equations in the new time 



dt 



dW- it) A{W'^Ht),X'-Ht),Y''^{t)) 



(1.10.3) ^^T^ = S-^BiW'^'^it), X'^^t), Y'^'^it)) 

'^^^ = {5e)-^b{W'-^(t),X^^\t),Y'-^{t)). 

Assume that the equation (ll.lO.ip satisfy the assumptions similar to Assump- 
tions ll.2.1[ 11.2.21 11.2.61 together with other corresponding conditions appearing 
in the setup of Theorem 11.2.71 (with R' X R'' in place of M''), in particular, that 
-^w xV — ^lo'? yit), w ,x E form a compact set of flows in the topology 
with dependence on w, x and for all w, x they are Axiom A flows in a neighbor- 
hood W which contains a basic hyperbolic attractor h.w,x for F^^ ^ and W itself is 
contained in the basin of each A^ x- Set 



(1.10.4) B^{x) = B{w,x) - j Biw,x,y)d^il^^^iy) 

where /i^™ is the SRB measure for F^ ^ and let X'™) be the solution of the averaged 
equation 

(1.10.5) ^fl_A!Z = B^(xW(i)). 

First, we apply averaging and large deviations estimates in averaging from the 
previous section to two last equations in ()1.10.3p freezing the slowest variable w 
(i.e. taking for a moment 6 = 0). Namely, set X'^{t) = X^"^ y{t/e) and Y'^{t) = 
Ywllyit/^) SO that 

(1.10.6) ^^B{w,XHt),Y'{t)) 

^^e-'b{w,X%t),Y^it)). 

Suppose for simplicity that I = d — 1 (i.e. both W^'^ and X'^'^ are one dimensional) 
and that the solution X^'^\t) of (|1.10.5p has the limit set consisting of two attracting 
points Oi and O2, which for simplicity we assume to be independent of w, and a 
repelling fixed point Oq depending on w and separating their basins. As an example 
of B we may have in mind Bw{x) = {x — w)(l — x^), — 1 < ix; < 1. Let S^j^ip/) be 
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the large deviations rate functional for the system ()1.10.6p defined in (|1.2.13|) and 

set for i,j — 1, 2, 

(1.10.7) i?y (w) = M{S^r{l) ■■ 7 G Cot, 7o = O,, jt = Oj, T>0} 



(cf. with Rij in Theorem II .2.71 . Set 

(1.10.8) Mw)^ J A{w,0,,y)dfil'^^^{y) 
and assume that for all w, 

(1.10.9) Ai{w)<0 and A2{w) > 

which means in view of the averaging principle (see Theorem 1 1 . 2 . 31 and the following 
it discussion) that W^-j^^y{t) decreases (increases) while X^'^^ y{t) stays close to Oi 
(to O2) for "most" y's with respect to the Riemannian volume on M restricted to 
W. 

The following statement suggests a "nearly" periodic behavior of the slowest 
motion. 

1.10.1. Conjecture. Suppose that there exist strictly increasing and decreasing 
functions w-{r) and w+{r) , respectively, so that 

Ri2{w-{r)) = i?2i(w+(r)) = r 

and W-{X) = ^^(A) = w* for some A > while W-{r) < w* < w+{r) for r < X. 
Assume that (5 — s- and e — > m such a way that 

(1.10.10) lim eln(fc) -p > -A. 

Then for any w, x there exists to > so that the slowest motion W^'^^ y{t+to), t > 
converges weakly (as e, S ^ so that Ij 1.10. 10]) holds true) as a random process on 
the probability space {W^m-w) (where myy is the normalized Riemannian volume 
onW) to a periodic function ip{t)j + T) = iplt) with 

T = T{p) = r^'^ + n^'^ 

Jw^(p) \Al{w)\ Jw_(p) l-42(w)|' 

The argument supporting this conjecture goes as follows. Set W^'^{t) = 
W'^it/e), X^^^t) = X^'^(Ve) and Y'^-'^it) = Y^^\t/e) which satisfy 

dw^^^it) = SA{W'^^it),X''^{t),Y''\t)) 

(1.10.11) ^^ir^ = B{W'''\t),X''^{t), Y'^^t)) 



i^IlM = e-^b{W''^{t),X''^{t), Y^'^it)). 



dt 

Since W^'^ moves much slower than X'^'^ we can freeze the former and in place 
of (jl.lO.lip we can study (|1.10.6p . Applying the arguments of Theorem 11.2.71 to 
the pair X,Y from (|1.10.6p we conclude by (|1.2.30p that the intermediate motion 
Xe,s jj^Qgi; Qf tlmc stays very close to either Oi or O2 before it exits from the 
corresponding basin, and so in view of an appropriate averaging principle (which 
follows, for instance, from Theorem I1.2.3P on bounded time intervals the slowest 
motion W'^'^ mostly stays close to the corresponding averaged motion determined 
by the vector fields Ai and A2 given by ()1.10.4p . When X^'^ is close to d the 
slowest motion W'^'^ decreases until w = w-{p) where Ri2{w) — p. In view of 
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()1.2.29|) and the scaling p.l0.10|) between e and S, a moment later Ri2{w) becomes 
less than p and X^''' jumps immediately close to 02- There A2{w) > 0, and so 
W^-^ starts to grow until it reaches w = w+{p) where R2i{w) — p. A moment later 
R2i{w) becomes smaller than p and in view of (|1.2.29p the intermediate motion 
X^'^ jumps immediately close to Oi. This leads to a nearly periodic behavior of 
W^'^ . In order to make these arguments precise we have to deal here with an 
additional difficulty in comparison with the two scale setup considered in previous 
sections since now the large deviations iS-functionals from Theorem 11.2.31 and the 
i?- functions describing adiabatic fluctuations and transitions of Theorems 11.2.51 and 
11.2.71 depend on another very slowly changing parameter. Still, the technique of 
Sections ll.7l and ll . 81 above applied on time intervals where changes in the w- variable 
can be neglected should work here but the details of this approach have not been 
worked out yet. 

On the other hand, when the fast motion Y^'^ does not depend on the slow 
motions, i.e. when the coefficient h in (jl.lO.ip depend only on the coordinate y 
(but not on w and x), then the above arguments can be made precise without 
much effort. Indeed, we can obtain estimates for transition times t^(1) and t^(2) 
oiX^'^{t/e) between neighborhoods of Oi and O2 as in Theorem 1 1 . 2 . 71 applving the 
latter to X'^ and from (|1.10.6|) with freezed w-variable. This is possible since 
the method of Proposition 11.7.11 requires us to make large deviations estimates, 
essentially, only for probabilities m{v E D : kT < Ty{i) < {k + 1)T}, i.e. on 
bounded time intervals, and then combine them with the Markov property type 
arguments. During such times the slowest motion W^'^ can move only a distance 
of order ST. Thus freezing w and using the Gronwall inequality for the equation of 
X'^ in order to estimate the resulting error we see that the latter is small enough for 
our purposes. Observe, that it would be much more difficult to justify freezing w in 
the coefficient b of F^, if we allow the latter to depend on w, since a strightforward 
application of the Gronwall inequality there would yield an error estimate of an 
exponential in 1/e order which is comparable with 1/6. Still, it may be possible 
to take care about the general case using methods of Sections 11.41 and 11.51 since we 
produce large deviations estimates there by gluing large deviations estimates on 
smaller time intervals where the x-variable (and so, of course, w-variable) can be 
freezed. Next, set 

W^fit) ^w + 5e j\{wl'''\s),0,,Y{s))ds 

where now Y does not depend on e and S. Then by (jl.lO.ip together with the 
Gronwall inequality we obtain that 

"'0 

where L is the Lipschitz constant of A. If x belongs to the basin Oi then according 
to Theorem 1 1 . 2 . 71 . and so also X^'*, stays most of the time near Oi up to its 
exit from the basin of the latter which yields according to the above inequality that 
W^'^ stays close to W^'^'^ during this time. But now we can employ the averaging 
principle for the pair W'^'^''^{t), Y{t) which sais that VF^''^'*(t) stays close on the time 
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intervals of order l/5e to the averaged motion W^'^''-{t) defined by 

Jo 

and in view of p. 10.91) . W^'^-^{t) decreases while W^'^-^{t) increases which leads to 
the behavior described in Coni ect ure 1 1 . 1 . ll 

A similar conjecture can be made under the corresponding conditions for the 
discrete time case determined by a three scale difference system of equations of the 
form 

W^^in + 1) - W^^in) = edA{W^'^{n), ^^''^(n), V'^in)), W^^iO) = w, 
(1.10.12)X^'''(n + 1) - X^'^{72) ^ eB{W^^^{n), X^'^n), Y^-'^{n)), X^'^{0) = x, 

+ 1) = W' ^"''(0) = y 

where A and B are smooth vector functions and F^^^x ■ M ^ M is a smooth map 
(a diffeomorphism or an endomorphism) . We obtain an example where discrete 
time versions of conditions of Conjecture 11.10.11 hold true setting, for instance, 
A{w,x,y) = x cos 27110 + sin 27ry, B{w,x,y) = (.t — u')(l — a;^) + sin27r?/ and F^^xU — 
'3y + X + w (mod 1). 



1.11. Young measures approach to averaging 

This section deals with the averaging principle and a bit with the correspond- 
ing large deviations in the sense of convergence of Young measures and I thank 
K.Gelfert for asking me about Young measures applications in averaging and for 
indicating to me the paper [3] . 

Let fj, belongs to the space V{M.'^ x M) of probability measures on R'^ x M and 
consider the Young measure (which is a map from a measure space to a space of 
measures, see [3]) C from ([0,r] x R'' x M,^t x ^) to 'P{R'' x M) defined by 

C{t,X,y)^6x^_^(t/e),Yl^{t/e) 

where £t is the Lebesgue measure on [0,T], S^j is the unit mass at w, and X'^, 
are solutions of (|l.l.ip on the product V{W^ x M). We assume that for all x^z 
and y, w e M the coefficients b and B satisfy 

(1.11.1) \B{x, y)\ + \h{x., y)\<K and 

\B{x, y) ~ B{z, v)\ + \b{x, y) - b{z, v)\ < K{\x - z\ + d^iv, v)) 

for some L > independent of x, y, z, v. Of course, wc could require the Lipschitz 
continuity and the boundedness conditions (|1.11.1[) only in some open domain as 
in Section [L2l but we can always extend these vector fields to the whole keeping 
these properties intact. 

Suppose that /i S 7'(M'^ x M) has a disintegration 

(1.11.2) dfi{x, y) = dfix{y)dX{x), X e V{R'^) 

such that for each Lipschitz continuous function g on M and any x, z M'^, 

(1.11.3) I / gdfix - / gdfi;,\ < KLi^g)\x - z\ 
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for some Kl > depending only on L where L[g) is both a Lipschitz constant of 
g and it also bounds \g\. Set 

(1.11.4) B{x) = J Bix,y)dfi,iy) 

then by (jl.ll.ip and p.ll.3|) . B is bounded and Lipschitz continuous, and so there 
exists a unique solution X'^{t) = X^{t) of ()1.1.3|) . For any bounded continuous 
function g on M'' x M define 

1 



£^{t,5)^{{x,y)eR''xM: \^ I g{x,Yly{u))du - -g{x)\ > S} 

^ Jo 

where g{x) = / g{x,y)d^i^{y). 

By the definition (see [3]), the Young measures converge as e ^ to the 
Young measure C,^ defined by 

C°(t,x,j/) ^ X e ViW" X M), 

Zx{t) — Xl{t/£), if for any bounded continuous function / on [0,T] x R"^ x M, 

f{s, ^'J'ix, y))ds / f{s, Z,{s))ds as e ^ 0. 



The following result provides a verifiable (in some interesting cases) criterion for 
even stronger convergence. 

1.11.1. Theorem. Let e 7'(M''xM) has the disintegration U.11.2]} satisfying 
U.ll.'J^) . Then 

(1.11.5) lim / / sup I / (/(s,$^/^(x,y))-/(s,Z,(s)))ds|dM,(y)dA(x) =0 

jR'i JM 0<i<T Jo 

for any hounded continuous function f = f{t, x, y) on [0, T] xR'^xM where f{t, x) = 
/ f{t, X, y)d^x{y) if md only if for each N N and any finite collection gi, gpf 
of bounded Lipschitz continuous functions on M'^x M there exists an integer valued 
function n — n{e) oo as £ — > such that for any (5 > and I = 1, N , 

(1.11.6) lim max (^(e), 5)} = 0, 

e^O 0< j<n(£) 

where t{e) = and, recall, ^\{x,y) = {X^. y{t) ,Yly{t)) . 

Proof. First, we prove that (jl.ll.Sp implies (|1.11.6p . Let gi,...,gN be 
bounded Lipschitz continuous functions on M'* x M and set 

(1.11.7) pl'^yit) = e f {gi{Xly{s),Yly{s))--gi{K{s)))ds. 



If 



0<t<T/e 



then by (jl.ll.Sp for each I = 1, N, 

(1.11.8) pf = / / Pl''ydKx, y) ^ as e ^ 0. 

jR<i Jwi 

Choose an integer valued function n{e) ^ oo as e — > so that 

(1.11.9) n(e) max of as e ^ 

i<;<jv 
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and let t{e) = T/en{e ). Set x % = Xly{kt{e)), y| = Yly{kt{e)) and x| = ^|(fct(£)), 

fc = 0, 1, .... Then by p.ll.7p . 

(1.11.10) 

Jo J ] 3 3 3 

By (ILTTTD . 

(1.11.11) (.9K^l5.,.(w),>?5,,|(«)) 

< eLi /q'"^ l^l^^j,= (w) - x)\du < LiL{en{e)f 
where L/ is the Lipschitz constant of <?;. Similarly, by (|1. 11.11) and (ll.ll.3p . 

(1.11.12) £| / {gi{XUu))-~gi{^))du\ < [Li + KL,)K{et{e)f 

Jo ' 

and 

(1.11.13) \-gi{x)) - gi{x',)\ < {Li + Kl,)\x) - x]\ < {U + KL,)p%^y. 
It follows from (|1.11.10|) - (|1.11.13p that 

(1-11-14) \j^J^^'^ giix^^,Y^.^y.iu))du-gi{x'^)\ 

< TK{2Li + Ku)/n{e) + [U + Kl, + 2T-^n{e))p%^y. 
Given 5 > choose > such that for all £ < eg and I — 1, ...,N, 

TK{2Li + KL,)/n{e)<5l2. 

Then by (|1.11.14p . 

^-''^'^Ef{t{e),5) C A,{5) = {{x,y) e M'^xM : (Lj + Xl, +2T- V(e))p^;'y > 5/2). 
By Chebyshev's inequality 

(1.11.15) ^J^{A,{5)) < + Kl, + 2T-'n{e))pl. 

By (|1.11.9p the right hand side of (|1.11.15p tends to as e ~> yielding (|1.11.6p . 

Next, we derive (|1.11.5p from (|1.11.6p . Since / in (|1.11.5p is a bounded function 
and A is a probability measure it is easy to see that it suffices to prove (|1.11.5p when 
the integration in x there is restricted to compact subsets of K'^. But if we integrate 
in (|1.11.5p in x running over a compact set G C M'' then by p.l.ip and p.ll.ip . 

(1.11.16) sup dist(X^ (s/e),G) < XT, 

0<s<T 

i.e. both Z^ y{s) — X^ y[s/e) and Zx{s) belong to the XT— neighborhood Gkt of 
the set G when x £ G and s G [0, T]. On [0, T] x Gkt x M we can approximate 
/ uniformly by Lipschitz continuous functions. Thus, in place of (|1.11.5p it suffices 
to show that for any compact set G C M.'^ and a bounded Lipschitz continuous 
function / on [0, T] x Gkt x M with a Lipschitz constant L = L{f ) in all variables, 
(1.11.17) 

lime/' / sup I / {f{es,Xly{s),Yly(s))-^{es,Xl{s)))ds\d^JiMdm=0. 

s^'* JGJWlO<t<T/e Jo 
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By (|1.11.2|) . (I1.11.3|) and (ll.ll.4|) . 

(1.11.18) e\ /,* (/(£s,X|^,(s),r4(s)) - fies,X^,{s)))ds\ 

< e\ Jo* {f{es,Xl^{s),Yl^{s)) - f{ss,X-^{s)))ds\ 

+ {L + KL)Tsnpo<s<T/e l^l(s) - ^l(s)|. 
Since (|1.11.6p holds true also for g — B, it follows from Theorem 2.1 of [ 54) that 

(1.11.19) lim / / sup \X',{s)-X',{s)\dfi{x,y)=0, 

^^^JG JM 0<s<T/e 

and so we have only to deal with the first absolute value in the right hand side of 
(11.11.1811 . As before set x% = Xl y{kt{e)), y% = Yly{kt{e)), xl = Xl(kt(e)) and fix 
a large iV e N. Let / = = [£jt{£)N/T] = [j7V/n(e)] then by (|l.ll.ip . (|1.11.2|) 
and p.U.ap . 

(1.11.20) e\!l^'^ {f{ejt{s) + eu,X-,.^y.iu),Y,%^y.{u)) 
-f{lT/N,x''j,Y^. y.{u)))ds\ < LT^/Nn{e) 

+Lef^^'^ \X^^y.\u) - x'^\du < LT^/Nn{e) + LT^{1 + K){n{e))-^ 

and 

(1.11.21) £| f^^'^ {f{ejt{s) + eu,X'^.^y.{u)) - f{lT/N,x'^))du\ 

< LT^/Nn{e) + T^{L + KL + KKL){n{e))-^ . 

Now using (|1.11.20p . (|1.11.2ip and assuming that |/| < Lf for some constant > 
we obtain 

(1.11.22) esupo<,<^/, I /,* {f{es,Xly{s),Yly{s)) - f(es,Xly{s)))ds\ 

< 2Lfet{e)+eYf:l' \ J^l^'^'^ {fies,X^,Js),YlJs)) - fies,X^,is)))ds\ 

~f{ejt{e) + es,X^y,{s)))ds\ 

< 2LT^/N + 2{LfT + T^{L + KL + KKl)) /n{e) 

+et(e)X];=o '^ln(E)/N<]<(l+l)n{e)/N,j<n{e) I t^J) /o ' I {^^ / N , X^^.Y^e yE\s))ds 

-f{lT/N,x''^)\ < 2LTyN + 2{LfT + T^{L + KL + KKL))/n{e) 

+et{e)n{e)6 + 2Lfet{e) Y,1=Q J2ln{£) /N<]<{l+l)n{e) /N,j<n{e) ^f/' (t(e),5)(^J ' 

where fi{z,v) — f{lT/N,z,v). Integrating against /i both parts of (|1.11.22p over 
G X M we obtain 

(1.11.23) s/g /m ^'^Po<t<T/£ 

\J,{f{es,Xly{s),Yly{s)) 
-fies, X'^Js)))ds\d^l{x,y) < 2{LfT + T\L + KL + KKL))/n{e) 
+2LT^/N + TS + 2Lf maxo<;<jv-i Vi (e, S) 

where 

m{£,S)= max /x{(G x M) n (t(e), 5)}. 

0<j<ri(e) — 1 
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By the assumption there exists an integer valued function n(e) — > oo as e — > such 
that p.ll.6p holds true for all g = /o, /i, /at-i and then maxo<;<Ar-i ?7;(e, S) 
as e ^ 0. Hence, letting first e ^ 0, then (5 — > and, finally, ^ we 
obtain (|1.11.17p in view of (|1.11.18p and (|1.11.19p . completing the proof of Theorem 
11. 11. 11 □ 

Observe that (|1.11.5p holding true for all bounded continuous functions is, in 
principle, stronger than the averaging principle in the form (|1.11.19p since the latter 
is equivalent to ()1.11.5p with f = B. In fact, if we require ()1.11.6p only for one 
function g = B then in the same way as in the proof of Theorem 11.11.11 above 
we conclude that (|1.11.6p is equivalent to (|1.11.19p if we consider the latter over 
all compacts G C M'' (which was proved earlier in Theorem 2.1 of 54 ). Still, 
the main interesting classes of systems, we are aware of, for which (jl.ll.Sp holds 
true are the same for which (|1.11.19p is satisfied though it is easy to construct 
examples of (somewhat degenerate) right hand sides b and B in (jl.l.ip for which 
(|1.11.19p holds true but (|1.11.5p fails (since in the latter we require convergence for 
all functions / and in the former only for f = B). 

Set 

£^it,6)^{ix,y)eR''xM: |i f g{x, F^y)du - gix)\ > S} 

^ Jo 

where, recall, F^y — Yx^y{u) and Y{u) satisfies (|1.1.2p . In the same way as Corollary 
3.1 in [54! we obtain 

1.11.2. Corollary. Suppose that there exists an integer valued function n — 
n{e) CO as £ such that t{e) = T{en{e))~^ = o(log(l/e)) and for any 5 > 
and each hounded Lipschitz continuous function g — g{x,y) on M'' x M, 

(1.11.24) lim max /i{$7^*(")f^(t(e), ,5)} = 0. 

£— »0 0<j<ri(e) 

Then lll.ll.6\) is also satisfied, and so \1.11.5\) holds true. 

In the same way as in [54j we obtain that (|1.11.24p holds true in the Anosov 
theorem setup when is an .F!^ -invariant measure which is ergodic for A-almost 
all X, where A is the normalized Lebesgue measure on a large compact in M"*, and 
IJ-xiU) = Jjj q{x,y)dm{y) with q{x,y) > differentiable in x and y. Furthermore, 
in the same way as in Theorem 2.4 of j54| or similarly to Theorem 2.4 of [56] 
we conclude that ()1.11.6p and ()1.11.24p hold true under Assumptions 11.2.11 and 
11.2.21 Moreover, employing the method of [56j the result can be extended to some 
partially hyperbolic systems. 

Observe that under Assumptions 1 1 . 2 .T] and [TT2 . 21 we can obtain also large devi- 
ations bounds in the form p.2.16p and (|1.2.17p for 

Z^Jt) = f f{s,X^^Js/s),Yly{s/e))ds 
Jo 

with the functional 

Soril) = inf {5'ot(7) : 'S'ot(7) = ^it{^t)dt, 

it = B^^{jt), it = jlUAs,ls)ds Vt e [0,T]}, fv{s,x) = j f{s,x,y)dv{y), 

where / is a bounded Lipschitz continuous vector function. This can be done 
deriving first an estimate similar to Proposition 1 1 . 3 . 41 for /(es, x\ Y^{s)) in place of 
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B{x' , Y^{s)) there, which should foUow in the same way as the proof of Proposition 
4.4 of [54\, and proceeding similarly to Sections 11.41 and 11.51 above. Of course, 
analogous results can be obtained in the discrete time setup of difference equations 
(|TXTOll . 



Part 2 

Markov Fast Motions 



2.1. Introduction 



Many real systems can be viewed as a combination of slow and fast motions 
which leads to complicated double scale equations. Already in the 19th century in 
applications to celestial mechanics it was well understood (though without rigorous 
justification) that a good approximation of the slow motion can be obtained by 
averaging its parameters in fast variables. Later, averaging methods were applied 
in signal processing and, rather recently, to model climate-weather interactions (see 
[35], [18] . [36j and |51) ). The classical setup of averaging justified rigorously in [12] 
presumes that the fast motion does not depend on the slow one and most of the work 
on averaging treats this case only. On the other hand, in real systems both slow and 
fast motions depend on each other which leads to the more difficult fully coupled 
case which we study here. This setup emerges, in particular, in perturbations of 
Hamiltonian systems which leads to fast motions on manifolds of constant energy 
and slow motions across them. 

It is natural to view double scale models as describing physical systems 
considered as perturbations of an idealized one which depends on parameters 
X = {xi,...,Xd) G K'* assumed to be constants (integrals) of motion. In Part [2] 
we suppose that the evolution of this idealized sistem is described by certain family 
of Markov processes Yx{t) = Yx^y{t) = Yx.y{t,ijj), 1^,^(0) = y on a, separable metric 
space M. In the perturbed system parameters start changing slowly in time and 
we assume that the corresponding slow motion X'^{t) — y{t) = X^y{t,uj) is 
described by an ordinary differential equations in M.'^ having the form 

(2.1.1) = eB{X^{t),Y^{t)), X^O) = x, Y^{0) = y 

where S : M"^ x M ^ M'' is Lipschitz continuous and the fast motion Y'^{t) ~ Y^y{t) 
evolves on M, it depends, in general, on the slow one and tends to Yx^y{t) as e ^ 0. 
Usually, Y^{t) is determined by certain equations, in general, coupled with (|2.1.1|) 
which means that their coefficients depend on the slow motion X'^(t). 
Assume that a nonrandom limit 

(2.1.2) B(x) = lim T^M B{x,Y^ y{t))dt 

exists in some sense, it "essentially" does not depend on y and it depends Lipschitz 
continuously on x. Then there exists a unique solution X^ = X^ of the averaged 
equation 

(2.1.3) ^^^^eB{X'{t)), X^Q) = x. 
The averaging principle suggests that often 

(2.1.4) hm sup \Xly{t)~X',{t)\=0 

0<t<T/e 

in some sense. If unperturbed motions Y^ ^ = Yy do not depend on the slow 
variables x and Y^ y = Yy then the averaged principle holds true under quite general 
circumstances but when the fast motion depends on the slow one (coupled case) 
the situation becomes more complicated and approximation of X^^y by X| in the 
weak or the average sense was justified under some conditions in[44| and [76] . An 
extension of the averaging principle in the sense of convergence of Young measures 
is discussed in Section [2. 101 below. 
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In this work we are interested in large deviations bounds for probabilities that 
the time changed slow motion Z'^{t) — X'^{t/e) belongs to various sets of curves 
which leads, in particular, to exponential bounds of the form 

(2.1.5) P{ sup \Zly{t)~Z'^{t)\>d}<e-^^', K,S>0 

0<t<T 

where Zx{t) — X^{t/e) satisfies 

(2.1.6) ^Ml^eBiZ^), Zm = x. 

When the fast motion do not depend on the slow one such results were obtained 
in |28j and [30j but the coupled case was dealt with much later in |77j though 
(as we indicated this to the author) the proof there contained a vicious circle and 
substantial gaps which, essentially, were fixed recently in |78j . Still, [78j is rather 
difficult to follow and we find it useful to provide a precise and consistent exposition 
of this important result which also deals with a more general case including fast 
motions being random evolutions whose extreme partial cases are diffusions and 
finite Markov chains with continuous time. Moreover, we go beyond bounded time 
large deviations and describe the adiabatic behaviour of the slow motion Z^ on 
exponentially large in 1 / e time intervals such as its exits from a domain of attraction 
and transitions between attractors of the averaged system (|2.1.6p . We observe that 
essentially the same proof yields the same results for a bit more general case when 
both B in 12.1.11 and the coefficients of the random evolutions in the next section 
depend also Lipschitz continuously on e. 

We consider also the discrete time case where p.l.ip is replaced by a difference 
equation of the form 

(2.1.7) X^{n + 1) - X^{n) = eB{X^n), r^(n)), X^Q) ^ X^ ^ x 

where B{x,y) is the same as in (|2.1.ip and the fast motion Y^{n) = Y^y{n), n = 
0, 1, ,Y^{0) = y is a perturbation of a family Yx.y{n),n > of Markov chains 
parametrized by x S M.'^. For somewhat less general discrete time situation large 
diviations bounds were obtained in |34) by a simpler approach but in our more 
general situation we can rely only on methods similar to the continuous time case. 
Moreover, unlike [34] we go farther and study also very long time "adiabatic" 
behaviour of the slow motion similar to the continuous time case and illustrate 
some of the results by computer simulations for simple models. 

The strategy and many of arguments in Part [2] are rather similar to Part [T] 
where deterministic chaotic fast motions such as Anosov and Axiom A systems 
were considered. Still, in view of the heavy dynamical systems background and 
machinery Part [T] is hardly accessible for most of probabilists. By this reason we 
give full proofs here refering to Part [1] only for proofs of some general results on 
large deviations, rate functionals and some others which do not rely on the specific 
dynamical systems setup. 

2.2. Preliminaries and main results 

We will assume that right hand side of (|2.1.1|) is bounded and Lipschitz con- 
tinuous, i.e. for some K > 0, 

(2.2.1) sup\B{x,y)\ < K and \B{x,y) - B{z,v)\ < K {\x - z\ + dM{y , v)) 
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where djvi is the metric on M. Our large deviations estimates will be derived 
under the following general assumption on the fast motion which is satisfied, as we 
explain it below, for random evolutions which are Markov processes with switching 
at random times between a finite number of diffusion processes. 

2.2.1. Assumption. There exist a convex differentiable in /3 and Lipschitz con- 
tinuous in other variables function H{x, x' , (3) defined for all (3 G and for x, x' 
from the closure X of a relatively compact open connected set X C M'' and a positive 
function C,}j^t{^i s^e) satisfying 

(2.2.2) hmsuphmsuphmsupC6,T(A, s, e) = 

A^O e^O s^oo 

such that for all t > 0, x, a;' G y G M and \ j3\ < b, 

(2.2.3) I \ logiJ exp(/3, /J B{x' , Yly{s))ds) 
-H{x,x',l3)\ < Cb,T(et,min(t,(logl/£)^),e) 

where X G (0, 1) and (•, •) is the inner product. 
Set 

(2.2.4) L{x, x', a) = sup ( < a, /3 > -H{x, x' , P)) , 

H{x,P) = H{x,x,f3) and L{x,a) — L{x,x,a). Since H{x,h',0) = then 
L(x,x',a) > 0. In view of Assumption I2.2?T] and standard convex analysis du- 
ality results (see [2] and [69j ) L{x,x',a) is (strictly) convex, lower semicontinuous 
and we have also that 

(2.2.5) H{x, x', 13) = sup (<«,/?> -L(.t, x', a)) . 

It follows also from Assumption 1 2 . 2 . 1] that 

(2.2.6) \H{x,x\P)\<K\/3\. 

Since H{x,h',0) = by (|2.2.6p and L{x,x',a) is lower semicontinuous then it 
follows from (|2.2.5p that there exists a unique ax.x' G K'^ such that 

(2.2.7) L{x,x',ax,x')^0. 

Set Oix = Oix,x- If 0!x — q;(x) depends Lipschitz continuously in x then we can define 
the averaged motion X'^ = in this general setup as the solution of the ordinary 
differential equation 

(2.2.8) _^^a{X^t))X%Q)^x. 

Denote by Cqt the space of continuous curves 74 — jit), t G [0, T] in X which is the 
space of continuous maps of [0, T] into X. For each absolutely continuous 7 G Cqt its 
velocity 7* can be obtained as the almost everywhere limit of continuous functions 
n(7t+„-i — 7t) when n 00. Hence jt is measurable in t, and so we can set 

(2.2.9) 5ot(7) - / L{^tAt)dt 

Jo 

Define the uniform metric on Cqt by 

roT{l,v) = sup |7t - T]t\ 

0<t<T 
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for any 7,77 e Cqt- Set ^'^^^(a;) ={76 Cqt : 70 = 2:, Sorij) < a}. Since L{x,a) 
is lower semicontinuous and convex in a and, in addition, L{x, a) — 00 if \a\ > K 
it follows that the conditions of Theorem 3 in Ch.9 of 140] are satisfied as we can 
choose a fast growing minorant of L{x, a) required there to be zero in a sufficiently 
large ball and to be equal, say, jap outside of it. As a result we conclude that Sqt 
is lower semicontinuous functional on Cqt with respect to the metric Tot, and so 
"^Qj,(x) is a closed set which plays a crucial role in the large deviations arguments 
below. Set Xt ^ {x ^ X : ini^fzQx \x~ z\> 2Kt}. 

2.2.2. Theorem. Suppose that 112.2.1]) and Assumption \2.2.1\ hold true. Set 
y(^) — ^xyi'^/^) ^'^'^ ^ ^ '^T- Then for any a,5,X > and every 7 e 

Cqt, lo = X there exists Eq = £0(2;, 7, a, (5, A) > such that for e < Sq uniformly in 

(2.2.10) P{roT(^|,y,7) <'5} >exp|-i(5oT(7) + A)| 
and 

(2.2.11) P{v^T{Zly,nT{x))>5)<e^V^-\{a-\)Y 

Next, let y C A" be a connected open set and put T^^y{V) = inf{t > : 
Zl.^yit) i V} where we take r^^yiV) = 00 if Xl y(t) G V for all t > 0. The following 
result follows directly from Theorem 12.2.21 

2.2.3. Corollary. Under the conditions of Theorem ] 2. 2. 2\ for any T > and 

xeV, 

\im,^o e log P{Tly{V)<T} 
= -inf {S'ot(7) : 7 e Cot, t e [0,T], 70 = x, 7* ^ ^ • 

The main class of Markov processes satisfying our conditions which we have in 
mind consists of random evolutions on M = Af x {1, ...,N} where M is a compact 
n-dimensional Riemannian manifold and the unperturbed parametric family of 
Markov processes Yx^y{t) is the pair Yx,y^k{t) = {yx.v,k{t), i'x,v,k{t)) governed by the 
stochastic differential equations 

(2.2.12) dYx,v.k{t) = a^^ ^^^i^t){x,Yx,v.k{'t))dwt + K^^^ ^{t){x,%,v,k{t))dt 

where Yx,v,k{^) = v, h'x^v.kiO) = k and for all I < i, j < N, i ^ j, 
(2.2.13) 

P{i'x.,v,k{t + A) = j\yx,v,k{t) = i,Yx,v,k{t) = = (x, w)A + o(A) as A | 0. 

We assume that qki{x,w), k,l — 1,...,7V are bounded positive functions, 
(Tfe(x, ti)(T^(a;, w) = ak{x,v) = (a^-'(x,ti), i,j = l,...,n) is a field of positively 
definite symmetric matrices on M, bk{x,v) = {b\{x,v), ...,b^{x,vy) is a vector 
field and all functions are defined and satisfy the above properties for w g M and 
x belonging to an open neighborhood of X . Here Wt is the Brownian motion and 
the equation (|2.2.12p is written in local coordinats. Observe that the existence and 
some properties of such Markov processes are discussed in [71j . The generator C 
of the Markov process iYx{t), Vxii)) is the operator acting on vector functions 
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/ = (/i, Jn) on M by the formula 



N 



(2.2.14) {C-f)k{y) - C%My) + ^ Mv)) 

1=1 

where £^ is the elliptic second order differential operator 

(2.2.15) Ct = i(afc(x,-)V,V) + (fefc(a:, •), V). 

Now, the perturbed fast motion Y'^ = (Y^,!/^) satisfies 
(2.2.16) 

^^,.,fc(0) = X, YI^ JO) = V, ,.1^ ,(0) - k and 

(2.2.17) P{^^J,„^fc(t + A) =j|i.^^,_,(t) =z,X,%^,(t) =z,t%,fc(0 ^w'} 

= (x, 'i«)A + o(A) as A i for aU I < i,j < N, i ^ j 

where X'^ is given by (|2.1.ip with B{x,y) — B{x,v,k) ~ Bk{x,v), y — {v,k) 
smoothly depending on x and v, so that the triple (X^(i), Y'^{t), i^'^it)) is a Markov 
processes. The following result which will be proved in Section 12.41 claims, in par- 
ticular, that random evolutions above satisfy Assumption 1 2 . 2 ."Tl 

2.2.4. Proposition. For the process Yx{t) = {Yx{t),iyx{t)) defined by \2.2.12\) 
and I12.2.13\) the limit 

1 f* 

(2.2.18) H{x,x',p)^ lim -logEeMP, / .(s)(a;', i;.„,fc(s))ds) 

t^oo t Jo ' 

exists uniformly in x, x' € X , y € M and \P\ < b, it is strictly convex and differ- 
entiate in (3 and Lipschitz continuous in other variables, and it does not depend 
under our conditions on v and k. In this circumstances the function L(x,x',a) 
given by {2.2.4-^ can be represented in the explicit form 

N 

(2.2.19) L{x,x\a)^ln^{I^{^l)■.y^ Bk{x,v)dfik{v) ^ a} 



k=l 



wh- 



ere 



(2.2.20) /,(/.)=- iiif f] / 



dfik 



and the first infinum is taken over the set 7'(M) of probability measures on M, i.e. 
over the vector measures = (/j,i, /xat) with J2k=i l^k{M) — 1, and the second 
one is taken over positive vector functions u on M belonging to the domain of the 
operator . Clearly, (/i) > and, furthermore, Ix (/i) ~ if and only if ii is 
the invariant measure /i^ = (/if, of the Markov process Y^ which is unique 
in our circumstances since the Doeblin condition (see |19| ) holds true here. The 
vector field B{x) = J-^B{x,y)dii^{y) — X^fcLi /a/ in x, and 
so we can define the averaged motion = X^ by 

(2.2.21) ^^=sB{X^{t)), X^O)^x. 

at 
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Hence, Soxi'y) ~ Q if and only if — Z{t) = X'^{t/e) for all t G [0, T]. The 
processes given by 12.2.16]) and \2.2.1'T^ together with the function H{x,x' ,(3) 
satisfy Assumvtion \2. 2. II 

Clearly, if iV = 1 above then becomes a diffusion process and if all opera- 
tors C% are just zero then we arrive to the case of continuous time Markov chains 
as fast motions which also satify all our assumptions. We observe also that both 
Proposition 12.2.41 and the results below can be extended to the case when C^. are 
hypoelliptic operators satisfying natural conditions so that we could rely, in partic- 
ular, on results of Section 6.3 from [22] . 

Suppose that the coefficients ak , &/c and qtj in (|2.2.12p and (|2.2.13p do not 
depend on x. Then Y^y{t) = Yx.y{t) — Yy{t) is an ergodic Markov process with the 
unique invariant measure ^ and for any y almost surely 

lim / B{x,Yy{t))dt ^ B{x) ^ [ B{x,y)dfi{y) 

and by standard general results on the uncoupled averaging (see [72]) it follows 
that for any y almost surely 

(2.2.22) sup \Xl (t/e) - Xl{t/e)\ ^ as e 0. 

0<t<T 

In the fully coupled case (i.e. when ak,bk,qij depend on x) Theorem 12.2.21 implies 
in the case of fast motions given by (|2.2.16p and (|2.2.17p that for each S > there 
is a{S) > such that for all small e, 

(2.2.23) P{ sup \X^^Jt/e) - X^^{t/e)\ > S} < e-^'^^ 

0<t<T 

which means, in particular, that in this case we have in (|2.2.22p convergence in 
probability. Examples from [111 show that, in general, in the fully coupled setup 
we do not have convergence in (|2.2.22p with probability one though in some cases 
such convergence can be derived from (|2.2.23p if the derivatives of and in e 
grow subexponentially in 1/e on time intervals of order 1/e (see Remark l2.3.6p . 

In the following assertions we assume always that the fast motions are obtained 
by means of (|2.2.12p and (|2.2.13p so that we could rely on (|2.2.18p - (|2.2.20p though, 
in principle, it is possible to impose some general conditions on functions L{x, a) 
which would enable us to proceed with our arguments. 

Precise large deviations bounds such as (|2.2.10p and (|2.2.1ip of Theorem 12.2.21 
are crucial in our study in Sections 12.61 and 12.71 of the "very long", i.e. exponential 
in 1/e, time "adiabatic" behaviour of the slow motion. Namely, we will describe 
such long time behavior of in terms of the function 

i?(x, z) = inf {5ot(7) : 70 = a;, 7t = z} 
t>o,7eCot 

under various assumptions on the averaged motion Z. Observe that R satisfies the 
triangle inequality R{xi,X2) + R(x2,x^) > R{xi,x^) for any xi,X2,x^ G X and it 
determines a semi metric on X which measures "the difficulty'" for the slow motion 
to move from point to point in terms of the functional S. 
Introduce the averaged flow 11* on Xt by 

r7TT*T 

(2.2.24) —— = B{n'x), xeXt 

dt 
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where B{z) is the same as in (|2.2.2ip and set B^{z) = j.^B{z,y)dfi{y) = 

X^fcLi /a/ ■^)'^Mfc(t') for any probabihty measure /i = (/ii, ^jv) on M = 
M X {1, ...,N}. CaU a n*-invariant compact set O C A" an S'-compact if for any 
1] > there exist > and an open set Un O such that whenever x € O and 
z £ we can pick up t e [0, T^] and 7 S Cot satisfying 

70 = a;, lt = z and 5*04(7) < V- 

It is clear from this definition that R{x, z) — for any pair points x, z of an S'- 
compact O and by the above triangle inequality for R we see that R{x, z) takes on 
the same value when z € X \s fixed and x runs over O. We say that the vector 
field _B on A" X M is complete &t x € X \i the convex set of vectors {(3B^{x) : (3 S 
[0, !],/! e ^'(M), Ixi^j) < 00} contains an open neigborhood of the origin in R'^. It 
follows by Lemma ri.6.2l in Part [1] that if O C A" is a compact n*-invariant set such 
that B is complete at each x £ O and either O contains a dense orbit of the flow 
n* (i.e. n* is topologically transitive on O) or R{x, z) — for any x,z £ O then O 
is an S'-compact. Moreover, to ensure that O is an S-compact it suffices to assume 
that B is complete already at some point of O and the flow 11* on O is minimal, 
i.e. the n*-orbits of all points are dense in O or, equivalently, for any rj > there 
exists T{ri) > such that the orbit {U*x, t e [0, T{r])]} of length T{ri) of each point 
X d O forms an Ty-net in O which is equivalent to minimality of the flow 11* on O 
(see |79j ). The latter condition obviously holds true when O is a fixed point or a 
periodic orbit of 11* but also, more generally, when 11* on O is uniquely ergodic (see 

A compact n*-invariant set O C A" is called an attractor (for the flow 11*) if 
there is an open set [/ D O and tjj > such that 

U*"U CU and lim dist(n*z, O) = for aU z € U. 

t — ^CJO 

For an attractor O the set V = {z G X : limt^oo dist(n*z, O) = 0}, which is 
clearly open, is called the basin (domain of attraction) of O. An attractor which is 
also an S-compact will be called an S-attractor . 

In what follows we will speak about connected open sets V with piecewise 
smooth boundaries dV. The latter can be introduced in various ways but it will 
be convenient here to adopt the definition from [17j saying that dV is the closure 
of a finite union of disjoint, connected, codimension one, extendible (open or 
closed) submanifolds of R'^ which are called faces of the boundary. The extcndibility 
condition means that the closure of each face is a part of a larger submanifold of 
the same dimension which coincides with the face itself if the latter is a compact 
submanifold. This enables us to extend fields of normal vectors to the boundary of 
faces and to speak about minimal angles between adjacent faces which we assume 
to be uniformly bounded away from zero or, in other words, angles between exterior 
normals to adjacent faces at a point of intersection of their closures are uniformly 
bounded away from tt and — tt. The following result which will be proved in Section 
12.61 describes exits of the slow motion from neighborhoods of attractors of the 
averaged motion. 

2.2.5. Theorem. Let O C X be an S-attractor of the flow 11* whose basin 
contains the closure V of a connected open set V with a piecewise smooth boundary 
dV such that V C X and assume that for each z G dV there exists vo — zu{z) > 
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and a probability measure rj ~ rjz with Iz{i]z) < oo such that 

(2.2.25) z + sB{z) eV but z + sB^{z) <eW^\V for all s e (0, w], 

i.e. B{z) 7^ 0, Bri{z) ^ and the former vector points out into the interior while 
the latter into the exterior ofV. Set Rd{z) = inf{i?(z,z) : z £ dV} and dminiz) = 
{z € dV : R{z,z) = Rq(z)}. Then Rd{z) takes on the same value Rq and dmmiz) 
coincides with the same compact nonempty set (3min for all z G O while i?a(x) < Rg 
for all X Cz V . Furthermore, for any x £ V uniformly m y G M, 

(2.2.26) lim£log^;T" (T/) = i?a > 

and for each a > there exists X{a) = X{x, a) > such that uniformly m y G M 
for all small £ > 0, 

(2.2.27) p{e(«a-a)/e > T^^y{V) or <^(V^) > e^^^+"'^/'} < e^^^^^/^ 
Next, set 

ei{t) = ef{t)= ( iv\usi,o){zi{s))ds 

Jo 

where Us{0) — {z £ X : dist{z, O) < 5} and Ir(^) = 1 if z (zT and — 0, otherwise. 
Then for any x £ V and 5 > there exists X{S) = X{x, 6) > such that uniformly 
m y G M for all small e > 0, 

(2.2.28) P{eiJ<yiV)) > e-'^'^/^r^^iV)} < e-^^'^^'. 
Finally, for every x £ V and S > 0, 

(2.2.29) lunP{dzst{Zly{T',jV)),dn,in) >S}=0 

provided Rq < oo and the latter holds true if and only if for some T > there exists 
7 G Cot, 7o G O, 7t G dV such that jt = Bvtint) for Lebesgue almost all t G [0,T] 
with Vt G ■M-y^ then Rq < oo. 

Theoreni l2.2.5l asserts, in particular, that typically the slow motion performs 
rare (adiabatic) fluctuations in the vicinity of an 5'-attractor O since it exists from 
any domain U D O with U C V ioi the time much smaller than t^(F) (as the 
corresponding number Rq = Rqjj will be smaller) and by ()2.2.28p it can spend 
in F \ Us{0) only small proportion of time which implies that Z^ exits from U 
and returns to Us{0) (exponentially in 1/e) many times before it finally exits V. 
We observe that in the much simpler uncoupled setup corresponding results in the 
case of O being an attracting point were obtained for a continuous time Markov 
chain as a fast motion in |28) but the proofs there rely on the lower semicontinuity 
of the function R which does not hold true in general, and so extra conditions 
like S'-compactness of O or, more specifically, the completness of B at O should 
be assumed there, as well. It is important to observe that the intuition based on 
diffusion type small random perturbations of dynamical systems should be applied 
with caution to problems of large deviations in averaging since the 5'-functional of 
Theorem [2221 describing them is more complex and have rather different properties 
than the corresponding functional emerging in diffusion type random perturbations 
of dynamical systems (see [30 ). The reason for this is the deterministic nature of 
the slow motion Z'^ which unlike a diffusion can move only with a bounded speed 
and, moreover, even in order to ensure its "diffusive like" local behaviour (i.e. to let 
it go in many directions) some extra nondegeneracy type conditions on the vector 
field B are required. 
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Our next result describes rare (adiabatic) transitions of the slow motion 
between basins of attractors of the averaged flow 11* which we consider now in the 
whole R'* and impose certain conditions on the structure of its w-limit set. 

2.2.6. Assumption. Assumption \2.2.1\ holds true for X = , the families 
a^i^ {x, ■), i, j = l,...,n) andbk{x,-) = (bl{x, ■), ...,b^{x, ■)) of matrix and vector 
fields are compact sets in the topology, 

(2.2.30) \\B{x,y)\\c^K.^M) < K 

for some K > independent of x,y and there exists Tq > such that 

(2.2.31) (x, B{x, y)) < -R-^ for any y G M and \x\ > tq. 

The condition (12. 2. Sip means that outside of some ball all vectors B{x, y) have 
a bounded away from zero projection on the radial direction which points out to 
the origin. This condition can be weakened, for instance, it suffices that 

lim inf{i?(a;, z) : dist(a;, z) > d} = oo 

d — >oo 

but, anyway, we have to make some assumption which ensure that the slow motion 
stays in a compact region where really interesting dynamics takes place. 

Next, suppose that the w-limit set of the averaged flow 11* is compact and 
it consists of two parts, so that the first part is a finite number of S'-attractors 
Oi, Of whose basins Vi, ...,Ve have piecewise smooth boundaries dVi, dVe and 
the remaining part of the w-limit set is contained in Ui<j<idVj . We assume also 
that for any z G r\i<i<kdVj-, k < £ there exist zu = vj{z) > and probability 
measures rji, 77^ such that /(?7i) < 00, i = 1, k and 

(2.2.32) z + sBj^^{z) e Vj^ for all s e {Q,vj] and i = l,...,fc, 

i.e. -B^. (z) 7^ and it points out into the interior of Vj. which means that from 
any boundary point it is possible to go to any adjacent basin along a curve with 
an arbitrarily small S'-functional. Let (5 > be so small that the (5-neighborhood 
Us{Oi) = {z ^ X : dist(z,C'i) < (5} of each Oi is contained with its closure in the 
corresponding basin Vi . For any x £ Vi set 

= r^ii^) = inf {t > : Z',Jt) e U,^,Us{0,)}. 

In Section [^771 we will derive the following result. 

2.2.7. Theorem. The function Rij(x) = inizeVj R{x, z) takes on the same 
value Rij for all x G Oi, i =/= j. Let Ri = minj^ij<i Rij . Then for any x £ Vi 
uniformly in y £ M, 

(2.2.33) limelog£;r^ „(i) ^ Ri > 

and for any a > there exists \{a) = X{x, a) > such that for all small e > 0, 

(2.2.34) p{e(«»-«)A > or t^^^(i) > e^R^+'^)/^] < g^^M/^ 
Next, set 

ei'\t)^Qr'\t)^ f Iy^\UsioMZUs))ds. 
Jo 

Then for any x € Vi and S > there exists X{S) = X{x,S) > such that uniformly 
m y G M for all small e > 0, 

(2.2.35) P{ej;;«^(z)) > e-^(^)/V|,,(z)} < e-'^'^^ . 



2.2. PRELIMINARIES AND MAIN RESULTS 



85 



Now, suppose that the vector field B is complete on dVi for some i < £ (which 
strengthens i2. 2. 32]) there) and the restriction of the uo-limit set of 11^ to dVi consists 
of a finite number of S-compacts. Assume also that there is a unique index b{i) < 
i, i{i) ^ i such that Ri = R^^iy Then for any x € Vi there exists A = A(x) > 
such that uniformly in y Cz 'M. for all small £ > 0, 

(2.2.36) P{Zly{Tly{t)) ^ Kw} < e-^/^ 

Finally, suppose that the above conditions hold true for all i — l^...,£. Define 
I'oii) = ij '''vih 1) = '''«(*) '^'^'^ recursively, 

Lk{i) = i(tfc-i(i)) andT^-{i,k) = <(i,/c- 1) +T^^(j^_i)(j(we(fc- 1))), 

where We(fc) = <i>e j{{x,y)) — j if x G Vj , and set E^(fc,a) — 

"^^P ((-^ti-il'O-'K*) ^" o)/^)- Then for any x G Vi and a > there exists 
A(a) = A(a;, a) > such that uniformly in y € 'M. for all n e N and sufficiently 
small £ > 0, 

(2.2.37) P{j:i{k,-a)>Tly{t,k) or 

t| y{i, k) > Sf (fc, a) for some k < < ne~^^°'^^'^ 
and for some A — X{x) > 0, 

(2.2.38) P{Z',,yirly{t, k)) ^ for some k < n} < ne-^''. 

Generically there exists only one index such that Ri — Rii,(^i) and in this 
case Theorem 12.2.71 asserts that Z^ y, x ^ Vi arrives (for "most" y € W) at V^^i) 
after it leaves Vi. If T{i) — {j : Ri = Rij} contains more than one index then 
the method of the proof of Theorem 12.2.71 enables us to conclude that in this case 
Z^ y, X & Vi arrives (for "most" y S W) at Ujgx(i)V, after leaving Vi but now we 
cannot specify the unique basin of attraction of one of Oj 's where y exits from 
Vi. If the succession function l is uniquely defined then it determines an order of 
transitions of the slow motion between basins of attractors of Z and because 
of their finite number passes them in certain cyclic order going around such 
cycle exponentially many in l/£ times while spending the total time in a basin 
Vi which is approximately proportional to e^'/^. If there exist several cycles of 
indices io^ii, «fc-i, ik = *o where ij < £ and i^+i = L{ij) then transitions between 
different cycles may also be possible. In the uncoupled case with fast motions 
being continuous time Markov chains a description of such transitions via certain 
hierarchy of cycles appeared without a detailed proof in [28] and [30 1 . In our fully 
coupled setup the corresponding description does not seem to be different from 
the uncoupled situation since its justification relies only on the Markov property 
arguments and estimates of probabilities of transitions of Z'^ from Us{Oi) to Us{Oj). 

Set J = {1, ...,£}. Following [30] we call a graph consisting of arrows (fc I) 
(k ^ i, k,l X, k I) an i-graph if every point / ^ z is the origin of exactly one 
arrow and the graph has no circles. Let G{i) be the set of all i-graphs. Next, choose 
(5 > so small that U25{Oj) C Vj, j = !,...,£ and define stopping times (J^fyW = 
and by induction for fc > 1, 

aiiik) - inf{i > a^^ik - 1) : Z^^Jt) ^ U,<,<eU2s{0,)}, 
at,i{k) = inf{i > a^f^(fc) : Z^_^(t) e U^<,<,Us{0,)}. 
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Define the Markov chain 

Wlyik) = {Zly{cTl''y{k)), Yly{e-'cTl''y{k))) 

which evolves on the phase space Ui<j<^rj where Tj — dUs{Oj) x M. 

2.2.8. Theorem. Let P{-,-) be the transition probability of the Markov chain 
. Then for any /? > there exist Sq, Sq > such that if 6 < Sq and e < Eq then 

(2.2.39) g(-fl,,-/5)/e < p^.^ < 

whenever {x,y) e F^. Furthermore, if fif^^^ is an invariant measure of on 
'^i<j<lXj then 

(2.2.40) ^-2Kl-l)/e < ^e^(r^.) < g2/3(^-l)/e Q3 



where 

(2.2.41) Q,^ J2 exp(-e-i ^ Rm). 

g£G(i) (k^neg 

Since total times spent by a Markov process in different sets are asymptotically 
proportional to masses given to these sets by corresponding invariant measures then 
Theorem 12.2.81 (together with Theorem I2.2.7P yields actually that the slow motion 
Z^{t) spends in a basin Vj of the attractor Oj a percentage of total time approxi- 
mately proportional to Qj which will be illustrated by computational examples in 
Section 12.81 In fact, this description is effective only if there is a unique «o and a 
graph g £ G{io) such that J2(k^i)eg minimal possible among all such sums 

over all j-graphs. In this case the slow motion spends in Vi„ a proportion of time 
close to one. 

Next, we formulate our results for the discrete time case of difference equations 
(12X71) . 

2.2.9. Assumption. There exist a convex differentiable in (3 and Lipschitz con- 
tinuous in other variables function H{x, x' , (3) defined for all j3 € and for x, x' 
from the closure X of a relatively compact open connected set X C M'' and a positive 
function Cf,.T(A, s, e) satisfying \2.2.2]) such that for all k > Q, x,x' £ X E 
and \j3\ < b, 

(2.2.42) I i logi? exp(/3, E -=1 B{x\Yly{j))) 
-H{x,x',(3)\ < C(,,T(efc,min(fc,(logl/e)^),e) 

where A G (0, 1) and Y^y{n), n — 0,1, 2, ... appears in \2.1.T^ . 

2.2.10. Theorem. Suppose that i2.2.1\) and Assumvtion \2.2.9\ are satisfied and 
that X^{n) = yi^^)-, n — 0,1, 2, ... are given by Jg. J.Tp . For t G [n, n + 1] define 
X^t) = {t- n )X'{n + 1) + (n + 1 -- t)X '{n) and set Z^t) = Zly{t) = X^yit/e). 
Then Theorem \2.2.2\ and Corollarv \2.2.S\ hold true with the corresponding function- 
als Sot- 

In a bit more restricted situation Theorem 12.2.101 was proved by a simpler 
method in [Sj . 

The main model of Markov chains serving as fast motions Y'^{n),n > 0, we 
have in mind, is obtained in the following way. We start with a parametric family 
of Markov chains Yx^y(n), n > 0, 1^,1,(0) = y on a compact Riemannian man- 
ifold M with transition probabilities P^{y,T) — Py{Yx,y{l) £ F} having positive 
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densities p^{y, z) — P^{y, dz) / •m{dz) with respect to the Riemannian volume m, so 
that p^(y,z) is in x and continuous in other variables. Next, we define X^{n) 
and Y^{n) adding to (|2.1.7p another equation 

(2.2.43) P{Y%n + l) e T\X^n) = x, ¥"(71) ^ y} = P"=(y,r). 
2.2.11. Proposition. Let Yx,y{n) be as above. Then the limit 

1 

(2.2.44) H{x,x',f])^ \im - logi?exp(/3, ^ i3(x', y,,^(j))) 

i=i 

exists uniformly in x,x' running over a compact set and m y G M and it satisfies 
conditions of Assumvtion [2. 2. 91 In this circumstances the functionals Sqt appearing 
in the large deviations estimates h2.2.10]) and \2.2.11]) again have the form i2.2.9\) 
with L{x, a) given by 112.2. 19]) where now 

, , { L/i {v,v)u(v)dm(v) ^ ^ 

(2.2.45) 4(M) = -inf / logMiil^L^J_^^dM2/). 

Clearly, Ix (p) > and, furthermore, Ix (/i) — if and only if fj, is the invariant 
measure fi^ of the Markov chain Yx which is unique since the Doeblin condition (see 
|19) j holds true here. The vector field B(x) = B{x,y)dfj,^ {y) is in x, and 
so we can define uniquely the averaged motion = X| by i2.2.21\) and, again, 
Soxil) = «/ and only if "ft = Z(t) — X'^it/e) for all t e [0, T]. Furthermore, 
Y''{n),n>Q given by {2.2.4!^ satisfies ^2.2.42^ . 

The existence of the limit (|2.2.44p and its properties in our circumstances are 
well known (see [23], [2l], [46], [l2], [38]) and the fact that (|2.2.42p holds true 
here will be explained at the beginning of Section 12.81 



2.2.12. Theorem. Let the fast motion Y^{n) ~ Y^y{n) be constructed as above 
via 112.2.43^ then with the corresponding definitions of S -compacts and under similar 
conditions the conclusions of Theorems \2.2.5\ \2.2. 7| and \2.2.E\ remain true for the 
corresponding slow motion Z^{t) defined in Theorem \2.2.10[ 

Observe, that we can easily produce a wide class of systems satisfying the 
conditions of Theorems [2X5l [2X7[ and ITTE] or Theorem 12.2.121 by setting 
B{x,y) = B{x) + B{x,y) so that J B{x,y)dfi^ (y) — where /i^ is the unique 
invariant measure of Yx and the vector field B, which becomes now the averaged 
vector field B, has an tj-limit set satisfying conditions of the above theorems. Sim- 
ple examples of this construction will be exhibited in Section 12.81 for which we also 
compute historgrams indicating proportions of time the slow motion spends near 
different attracting points of the averaged motion. We observe that the functional 
Sqt, which plays a crucial role in the above theorems, seems to be quite difficult to 
compute since this leads to difficult nonclassical variational problems. 

2.3. Large deviations 

We will need the following version of general large deviations bounds when usual 
assumptions hold true with errors. The proof is a strightforward modification of 
the standard one (cf. 146' ) and its details can be found in Part [l] Lemma 11.4.11 

2.3.1. Lemma. Let H — H{/3), rj — Tj{j3) be uniformly bounded on compact sets 
functions on M'' and {S,-, t > 1} be a family of M.'^— valued random vectors on a 
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probability space {Q,J-,P) such that \^r\ < C < oo with probability one for some 
constant C and all t > 1. For any a > and a, (3q e M'^ set 

(2.3.1) LfH") = sup a) - Lja) = L°(a), L{a) = L^{a). 

/3eR<*,|/3+/3o|<a 

(i) For any A, a > there exists tq = r(A, a, C) swc/i i/iat whenever for some r > tq, 
Po e R'^ anrf eac/i /3 S K"^ wii/i |/3 + /3o| < a, 

(2.3.2) i/^(/3) = log£;e^<'3,H.) < _^ ^(^^ 

f/ien /or any compact set JC C M**, 

(2.3.3) P{S, e /C} < exp (-T(Lf''(/C) ~ 77f° - A|/3o| - A)) 
where 

(2.3.4) Tyf" = sup{?7(/3) : |/3 + /3o| < a} and Lf°(/C) = inf Lf''(a). 

("ii^j Suppose that ao G M*^, < a < oo and there exists (3q G M'' such that \(3q\ < a 
and 

(2.3.5) H{l3o) = {l3o,ao) -Laiao). 
If V2.3.2\) holds true then for any 5 > 0, 

(2.3.6) P{|S, - aol <5}< exp (-r(La(ao) - ?y(/3o) - ■ 

(Hi) Assume that q;o,/3o G K'^ satisfy ^2.3.5\) . For any A, a > i/iere exists tq = 
t(A, a, C) SMc/i i/iai whenever for some t > tq and each (3 G R'' with \(3\ < a the 
inequality 112. 3. 2\) holds true together with 

(2.3.7) log £:e^<'3,H.) > ^(^^ _ ^^^^ 
f/ien /or any 7, 5 > 0, 7 < (5, 

(2.3.8) P{|S, - aol < -5} > exp (-T(L(ao) + viM + 7l/3o|)) 

X (1 - exp ( - r(Lf«(/C^,c(«o)) - Va - viPo) - A|/3o| - A))) 

where 

Lf°(a) = La(a)-(/3o,«)+if(/?o), 



Lfo(/C) = inf„eKif»(a), 77„ = 77°, /C^,c(ao) = C/c(0) \ C/^(ao), C/^(«) = {5 : 
|a — a| < 7} and U denotes the closure of U . 

The proof of the following result is also standard and can be found in Part [U 
Lemma 11.4.21 

2.3.2. Lemma. Let Sn, n — 1,2, ... be a nondecreasing sequence of lower semi- 
continuous functions on a metric space M and let S ~ lim„^oo Sn- Assume that S 
is also lower semicontinuous and for any compact set K, <Z M denote 

Sn{IC) = inf >5'n(7) and S{IC) — inf 5(7). 

Then 

(2.3.9) lim Sn{IC) = S{IC). 
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We will need also the following general result which will enable us to subdivide 
time into small intervals freezing the slow variable on each of them so that the 
estimate (|2.2.3|) of Assumption 12 . 2 . 11 becomes sufficiently precise and, on the other 
hand, we will not change much the corresponding functionals Sqt appearing in 
required large deviations estimates. This result is certainly not new, it is cited in 
[78j as a folklore fact and a version of it can be found in |58j . p. 67 while for a 
complete proof we refer the reader to Part [U Lemma 11.4.31 

2.3.3. Lemma. Let f = f{t) be a measurable function on equal zero outside 
of [0,T] and such that \ f{t)\dt < oo. For each positive integer m and c G [0,T] 
define /m(i, c) — f{[{t + c)A^^]A — c) where A = T/m and [■] denotes the integral 
part. Then there exists a sequence mi —i- oo such that for Lebesgue almost all 

ce [o,T], 

(2.3.10) lim / |/(i)-/™.(i,c)|di-0. 

Next we will need the following simple estimates whose proof uses the Gronwall 
inequality and can be found in Part [l] Lemma 11.5.11 

2.3.4. Lemma. Let Xi,Xi e A", i = 0, 1, iV, = io < < ••■ < ^n-i < tN ~ 
T, A = maxo<i<Ar_i(ii+i - ti), = {xi - Xi-i){ti - ii-i)~\ = max{j > : 
t > tj}, ip{t) = i„(t), veX y.M., 

~){v,x) = {t, ~ tj^^y' f ' Bix,Y^'{s/s))ds, 

and for t G [0, T\, 

(2.3.11) Zli{t) ^x+ f B{ij{s),Y^{s/e))ds. 

Jo 

Then 

(2.3.12) |S|(r;,x,_i) - (t, - t,_i)-i(^„ni.) " Z^tj-i))] 

< K\Zl{t,-i) - x,^,\ + \K^{t, ~ 

(2.3.13) supo<s<4 \Z^'i{s) - V'(s)| < \x~xq\+ maxo<j<„(f) \xj - Xj\ 

+KA + n(t)Amaxi<j<„(t) \'Ef-{v,Xj-i) - 

and 

(2.3.14) sup \Zl{s)- Zli{s)\<e'^WT:iv-x\+Kt sup \Zli{s) ~ i^{s)\) 

0<s<t ' 0<s<t 

where, recall, Z^(s) = X^{s/e) and ttiv = z G A" if v = (z,y) Cz X x M. 
For any x' , x" G A" and /3, ^ e K'' set 

Lk{x\x\0= sup {{(3,Cl~H{x',x",P)), 

fim.'^,\P\<b 

and Lb{x,£_) = Lb{x,x,£) with H{x' ,x" ,P) given by Assumption 12. 2. II The follow- 
ing result is the crucial step in the proof of Theorem 12. 2. 21 
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2.3.5. Proposition. Let Xj,tj,£^j, N, A,T and be the same as in Lemma 
\2. 3.4\ and assume that 

(2.3.15) A = min (t,+i - t,) > A/3. 

0<i<Af-l 

(i) There exist Sq > 0, eo(A) > and Ct(&) > independent of x,y,Xj,Xj,£,j 
such that if S < Sq and e < £o(A) then for any b > 0, 

(2.3.16) P{ma.xi<j<N \E^j{{x,y),Xj-i) - < S) 

< exp{ - i(E7=ife - t,-i)ib(5;,-i,C,) - ^b,T(e, A) - Crmd + S))} 

where d ~ \x~ xo\+ maxo<j<Ar \xj — Xj\, 77&,T(e, A) does not depend on x, Xj,Xj,£,j 
and 

(2.3.17) lim limsupr/b t(£, A) = 0. 

A— £_>o 

In particular, if for each j — 1, N there exists (3j G such that 

(2.3.18) L{i„ii)^{P„i,)-H{i,,P,) 
and 

(2.3.19) max \I3A < b < oo 

l<j<N •' 

then h2. 3. 1 6]) holds true with L{xj,^j) in place of Li,{xj,^j), j — 1, ...,N. 

(ii) For any b,X,S,q > there exist Aq — Ao(b, X,6,q) > and Eq — 
eo{b,X,d^q,A), the latter depending also on A > 0, such that if and (3j sat- 
isfy \2.3.18]) and ^2.3.19]) . niaxi<j<Ar | < A < Aq and e < then 

(2.3.20) P(maxi<,<w \^{{x,y),i,^i) - ij\ < S) 

> exp { ~ i(Ef=ife - tj-i)i(£j-i,^,) - Vb,T{e,A) + CT{b)d + A)} 
with some Cxib) > depending only on b and T . 
Proof, (i) Introduce the events 

P(r) = {\S,{v,x,.,)-^ < r}, J - l,...,iV 

so that we have 

(2.3.21) max \E-^{v,i,^,) ~ < r} ^ P{n]^,T^ {r)) . 
Now for V — (x, y) by the Markov property 

(2.3.22) P(n^=i rJ((5)) 

x/p*""*"-^S(5„„i,KJ,_^(,^_^^_i) ,.^,^(^^_^^_i)(s/£))ds--en| < S}. 

If w e n]-^T^{S) then X|^(t„_ie-\w) = j^(t„_i,w) in view of (I2.3.l3|l and 
(j2.3.14p satisfies 

(2.3.23) \Xlyit„-ie-\Lj) - £„_i| < d„_i = (e^*"-ii^t„_i + 1) 
X {\x — xo\ + maxo<j<„_i \xj — Xj\ + KA + {n— 1)A5). 

Since H{x' ,x" , P) is Lipschitz continuous in x' and x" it follows from (12.3.22^ that 

(2.3.24) \H{X'^Jt„.ie'\iu),Xr,-i,Pi^^) - H{S:„-i,f3iC'^)\ < C(a)d„_i 
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provided uj G n"r^^r^ (5) where C{a) > depends only on a. In view of Assumption 
12.2.11 we can estimate from above the probabihty in the right hand side of (|2.3.22p 
by means of Lemma 12.3. iT i) which together with (|2.3.24p yield that 

(2.3.25) p( n;-^! Ti{5)) < p{ n]!^ ri{d)) 

X exp ( - ^*"~*"~'H £a(Xn-i,^n) - 7ya,T(e, A) - C{a)dn-1 - Tfl)) 

where fia.T{£^A) ^ as, first, e ^ and then A ^ 0. Applying (|2.3.25p for 
ri = A^, A^— 1,...,2 and estimating P(T^{S)) by means of Lemnia r2.3.1f i) we derive 
(|2.3.16p in view of (|2.3.2ip . 

(ii) In order to obtain (|2.3.20p we rely on Assumption l2 . 2 . ll and Lemma r2.3.1f iii) 
estimating from below the probability in the right hand side of (|2.3.22p which 
together with p.3.23p yield 

(2.3.26) P{ n^^i T^{S)) > p{ n]i^ ri{6)) 

X exp ( - x^(f„_i, g„))g„ ;,(£, S, 0-) 

where 

<?„,b(e,A,<^,tj) = exp - {vb,Tie, A) + CT{b)dn-i + <rb) j 

X (^1 - exp ( ~ (*"-«"-i) (d(6) - fj,^T{£, A) - a& - a)) 
d{b) = min Lf^(ij_i,/C,,c(Ci)), L^ix,IC) = inf if(a;,a), 

1<J<N a^K 

}C,,c{a) = tJciO) \ U,{a), if (x, a) = Lb(x, a) - a) + i/(x, /?), Ct(&) > 0, 
and fib^Ti^T^) as, first, e and then A ^ 0. Employing (|2.3.26p for 
n — N,N ~ l,-.-,2 and estimating P(r^{6)) by means of Lemma l2.3.1f iii) we 
obtain from (|2.3.2ip that 

(2.3.27) P{maxi<,<„ |S^^(w,ij_i) - \ < S} 

> exp - '-{E^it, - i,-i)L(i,_i,^,) + Cip,S)eA-') 

X n!Ll 5'n,&(£, A, ^,cr) 

for some C{p,S) > provided, say, NCieA-^ < 2TCieA-^ < f and TeA-^ < 
Cp/2. Since H{x,(3) is differentiable in /3 then 

L{xj,a) = L{xj,a) - Cj) + H{x.j,l3j) > 

for any a 7^ (see Theorems 23.5 and 25.1 in [69]), and so by the lower semicon- 
tinuity of L{x, a) in a (and, in fact, also in x), 

i'^^(£,_i,/C,,c(0)) = inf L'^^(i,_i,a) >0. 

This together with Lemma 12.3.21 yield that d{b) appearing in the definition of 
gn,b{£, A,(;,a) is positive provided b is sufficiently large. In fact, it follows from 
the lower semicontinuity of L{x, a) that d{b) is bounded away from zero by a posi- 
tive constant independent of Xj and ^j, j = 1, A if these points vary over fixed 
compact sets and (|2.3.18p together with (|2.3.19p hold true. Now, given A > 
choose, first, sufficiently large b as needed and then subsequently choosing small a 
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and then small A, and, finally, small enough e we end up with an estimate of the 
form 

(2.3.28) 5„,b(£, A, a) > exp ( - ~^^"''^ 7yb,p,T(£, T) + CTib)d + A)) 

where Ct(&) > and ■qb,p,T{e,T) satisfies p.3.17p . Finally, p.3.20p follows from 
(12.3.271) and (12.3.281) . ' ' □ 

The remaining part of the proof of Theorem 12 . 2.21 contains mostly some convex 
analysis arguments and it repeats almost verbatim the corresponding part of the 
proof of Theorem ll.2.3l in Part[T]but for readers' convenience we exhibit it also here. 
We remark that some of the details below are borrowed from [78] but we believe 
that our exposition and the way of proof are more precise, complete and easier to 
follow. We start with the lower bound. Assume that Sqt{i) < oo, and so that 7 is 
absolutely continuous, since there is nothing to prove otherwise. Then by (|2.2.9p . 
L(7s,7s) < 00 for Lebesgue almost all s S [0, T]. By (|2.2.ip and Assumption 1 2 . 2 . I| 

(2.3.29) H{x,(3) < K\f3\ 

for some K > 0, and so if Ll'jsjjs) < 00 it follows from (|2.2.4p that I7I < K. 
Suppose that ^{Ls) = {a : L{js,ct) < 00} 7^ and let riD{Ls) be the interior 
of V{Ls) in its affine huU (see ^). Then either tiD{Ls) 7^ or V{Ls) (by its 
convexity) consists of one point and recall that % G "D^Lg) for Lebesgue almost all 
s e [0,T]. By ^rrm and (12.3.291) . 

(2.3.30) = i/(7„0) = inf L(7„a). 

This together with the nonnegativity and lower semi-continuity of X(7s,-) yield 
that there exists as such that L{'ys,cts) — and by a version of the measurable 
selection (of the implicit function) theorem (see [15) . Theorem III. 38), cts can be 
chosen to depend measurably in s e [0,T]. Of course, if riD{Ls) — then Vi^Ls) 
contains only and in this case as = % for Lebesgue almost all s e [0, T]. Taking 
Us — O-s and j3s — Q we obtain 

(2.3.31) L{-is,as) = {Ps,as) -H{-is,(is). 

Observe that £(s, a) — L{'js, a) is measurable as a function of s and a since it 
is obtained via (12.2.4^ as a supremum in one argument of a family of continuous 
functions, and so this supremum can be taken there over a countable dense set of 
/3's. Hence, the set A = {(s, a) : s € [0, T], a G I?(Ls)} = €~^[0, 00) is measurable, 
and so the set B — A \ {(s,7's), s G [0, T]} is measurable, as well. Its projection 
y = {s G [0, T] : (s, a) G -B for some a G M'*} on the first component of the product 
space is also measurable and V is the set of s G [0, T] such that ^{Ls) contains more 
than one point. Employing Theorem III. 22 from [15] we select ds G M'' measurably 
in s G and such that (s,ds) G B. By convexity and lower semicontinuity of 
i(7s, •) it follows from Corollary 7.5.1 in ^69, that 

(2.3.32) i(7.,7.) = limi(7„aif)) where a^f) = (1 - ^-1)7, + p-^d,. 
For each (5 > set 

ns{s) = min{n G N : \L{^s,%) - i(7., «i"^)l + 1% " < S}. 

Then, clearly, ns{s) is a measurable function of s, and so as = ai'^'' = ai"'' and 
L{'-fs,as) are measurable in s, as well. By Theorems 23.4 and 23.5 from |69j for 
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each Us — ct^P there exists /3s = /^s*' G R'^ such that (I2.3.31|l holds true. Given 
(5', A > take 5 = min(<5', A/3) and for s e [0, T] \ F set = a^. Then 

(2.3.33) / |L(7s,7.)-i(7s,a.)|ds< A/3and / \^,-aMs<5'. 

Jo Jo 

For each 6 > set = as if the corresponding /3s in (|2.3.31|) satisfies |/3s| < b 
and Qfs = Q^si otherwise. Note, that (|2.3.31|) remains true with in place of as with 
/3s = if — as- As observed above |a| < if whenever L{z,a) < oo, and so \as\ < 
if for Lebesgue almost all s € [0, T]. We recall also that |7s — as| < (5 and %. < if 
for Lebesgue almost all s € [0,T]. Since S'ot(7) < oo, |L(7s,7s) — ij(7s,Q;s)| < 6, 
and i7(7s,as) t ^(7s,as) as 6 t oo for Lebesgue almost all s £ [0,T], we conclude 
from (|2.3.33|) and the above observations that for b large enough 



(2.3.34) 



' |L(7s, Qfs) — £(73, as)|ds < A/3 and / \as — a'l\ds < 6' . 
Jo 



Next, we apply Lemma 12.3.31 to conclude that there exists a sequence mj — > 00 

such that for each Aj — T/mj and Lebesgue almost all c e [0, T), 

(2.3.35) 



\Lhs,as) - L{jq^^s,c),agjs,c))\ds < A/3and / \a^ - a (^ ^^jjds < 5'. 

Jo 

where qj{s.c) ~ [{s + c)Aj^]Aj — c, [•] denotes the integral part and we assume 
L(7s, a'l) = and = if s < 0. 

Choose c = Cj e [iAj,|(5j] and set 7s = x + /J' "^^(u^c)'^"' V's = lq,{s,c) 
where 7„ = 70 if u < 0, = io = a;, xn = 7t, = It and Xfe = 7feAj-c, 
Xk = 7A;Aj-c for fc = l,...,Af- 1 and ^fe = '^(fe-i)Aj-c ^^o'^ ^ ^ 1,2,...,/V where 
iV = min{fc : fcAj - c > T}. Since |7s| < ^ for Lebesgue almost ah s S [0,T] 
then roT(7,'(/') < K/\j and, in addition, roT(7,7) < 35' by (|2.3.33p - p.3.35p . This 
together with ()2.3.13|) and ()2.3.14p yield that for v = (x,y), 

(2.3.36) roT(^,^7) <I■oT(^„^V^) + i^A, < (ifTe^^ + l)roT(^„^''^, ^) + if A, 

< (ifTe^^ + 1)(3(5' + if A, + (T + 1) maxi<fe<w |S|(v, - ^1) + ^A, 

provided Aj < 1 where Z^^"^ and S|(w,a:) are the same as in Lemma 12.3.41 the 
latter is defined with tk = kAj — c, k = 1, N — 1 and In — T. Choose 6' so small 
and ruj so large that 

{KTe^^ + 1){3S' + KAj + {T + 1)5') + if Aj < 6 

then by (|2.3.36|) . 

(2.3.37) {roT(^l,,7) < ^} ^ { maxjEl{v,ik~,) - ^ < S'}. 
By (I2.3.33I1 - (I2.3.35L 

N 

(2.3.38) ^(ifc -tfc_i)L(ifc_i,Cfc) < 5ot(7) + A 
fc=i 

and by the construction above the conditions of the assertion (ii) of Proposition 
l2.3.5l hold true, so choosing rrij sufficiently large we derive (12.2. 6p (with 2 A in place 
of A) from (|2.3.20p . (|2.3.37p and (|2.3.38p provided £ is small enough. 
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Next, we pass to the proof of the upper bound (|2.2.7|) . Assume that (|2.2.7|) is 
not true, i.e. there exist a, X,6 > and x € Xt such that for some sequence efc — )■ 
as fc — !■ oo, 

(2.3.39) P{v^T{Zl%,nT{x))>i5)>c^v{--(a-\)). 

Since < if by (HXH) all paths of Z| te [0, T] and of <£ [0,T] 

given by (|2.3.1ip (the latter for any measurable ip) belong to a compact set K.^ C 
Cot which consists of curves starting at x and satisfying the Lipschitz condition 
with the constant K. Let Up denotes the open p-neighborhood of the compact set 
^'Qg.(x) and ICp — K.^ \ Up . For any small 6' > choose a 6' -net 71, ...,7„ in K.2S 
where n = n{5'). Since 

n>j>l 

then there exists j and a subsequence of {sk}, for which we use the same notation, 
such that 

(2.3.40) P{roT{Z'^':ynj)<S'} >n-'exp{ --{a^X)). 

Denote such by 7"^ , choose a sequence (5/^0 and set 7^'' — 7*'. Since /Cji 
is compact there exists a subsequence 7^'^^ converging in Cqt to 7 £ /Cja which 
together with (|2.3.40p yield 

(2.3.41) limsupelnP{roT(^|,a,7) < (5'} >-a+A 

E— »0 

for aU 5' >0. 

We claim that (|2.3.4H) contradicts (|2.3.12p and the assertion (i) of Proposition 
12.3.51 Indeed, set 

StoTil)= / Lb{tp{s),j{s))ds and Sbfiril) ^ S'^Qj.ij). 
Jo 

By the monotone convergence theorem 

(2.3.42) ^,%(7) r S^^i-f) and S^M^) T ^ot(7) as 6 T 00. 

Similarly to our remark in Section [2T2l it follows from the results of Section 9.1 of |40j 
that the functionals 'S'^ot('T)' ^oxi'^) ^^'^ Sb,oT{'j), <5'ot(7) are lower semicontinuous 
in -0 and 7 (see also Section 7.5 in [30]). This together with (|2.3.42p enable us to 
apply Lemma 12.3.21 in order to conclude that 

(2.3.43) lim 5fc,oT(/C|) - ^ot(/C^) = inf SoHl) > a 

where Sb,oTiK^s) = iiif-ygK;j 'S'h.oT(7)- The last inequality in (j2.3.43p follows from 
the lower semicontinuity of Sqt- Thus we can and do choose 5 > such that 

(2.3.44) SbfiTm) >a- A/8. 

By the lower semicontinuity of >S'^'ot('T) "0 there exists a function d{j) > 
on ICg such that for each 7 e ICg, 

(2.3.45) Sf^o^ij) > a - A/4 provided Voril^i^) < Sxh). 
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Next, we restrict the set of functions ijj to make it compact. Namely, we allow from 
now on only functions ^ for which there exists 7 € /C| such that either ip = j or 
ilj{t) = j{kT/m) for t e [kT/m, {k + l)T/m), fc = 0, 1, m - 1 and i/;(T) = 7(r) 
where m is a positive integer. It is easy to see that the set of such functions ■0 is 
compact with respect to the uniform convergence topology in Cqt and it follows 
that (5a (7) in (|2.3.45p constructed with such ■0 in mind is lower semicontinuous in 
7. Hence 

(2.3.46) 6x = inf 5a (7) > 0. 

Now take 7 satisfying (|2.3.4ip and for any integer m > 1 set A = ~ T/m, 
^fc = 4"' =7(fcA), fc = 0,l,...,mand ^ = ^i"^ = A-i (7(fcA) - 7((fc - 1)A)) , 
fc — 1, m. Define a piecewise linear Xm and a piecewise constant by 

(2.3.47) xUt) = Xk + a-A and Mt) - xu for i G [fcA, (fc + 1)A) 

and fc = 0, 1, m— 1 with Xm{T) = ^rn{T) = 'y{T). Since 7 is Lipschitz continuous 
with the constant K then 

(2.3.48) roT(Xm,V'm) < -ftTA and roT(7,V'm) < ^A. 
If m is large enough and e > is sufficiently small then 

(2.3.49) A < min((5/2, 6x) and Tjb,Tie, A) < A/8 

where ?7f,^T(£, A) is the same as in (|2.3.16|) . Since 7 G /Cf^ it follows from (|2.3.48p 
and (|2.3.49p that Xm € /C^ and by (|2.3.45p and the first inequality in (|2.3.49p we 
obtain that 

m— 1 , 

(2.3.50) <oT(Xm) = A ^ U{xk,^k) > a - -. 

Hence, by (|2.3.16p and the second inequality in (|2.3.49p for all e small enough, 

(2.3.51) P{ max |S|((:e, y), Xfc_i) - 6| < p} < e-*(''-^/2) 

l<k<m 

provided CT{b)p < A/8 (taking into account that xq = x). By (|2.3.12p and the 
definition of vectors £,k for any v G W, 

{2.3.52)\E%{v,xk-i)-(k\ < \El{v,Xk-i)-A-^Z^,{kA) - Z,^((fc - 1)A)) | 
+2A-lroT(^„^7) < (i^ + 2A-l)roT(^„^7) + 5^'A. 

Therefore, 

(2.3.53) {roT(^^,,,7) <'5'} 

C {maxi<fc<„|S|((x,2/),Xfe_i)-a| < (if + 2A-i)(5' + i^^^}. 
Choosing, first, m large enough so that A satisfies (|2.3.49p with all sufficiently small 
e and also that 8CT{b)K^A < A, and then choosing 6' so small that 16CT{b){K + 
2A-^)S' < 5, we conclude that (|2.3.5ip together with (|2.3.53p contradicts (|2.3.4ip . 
and so the upper bound (|2.2.7p holds true, completing the proof of Thcorcm l2.2.2l 

□ 

2.3.6. Remark. In view of examples from [llj in the fully coupled setup we 
should not expect convergence i2.2.22]) in the averaging principle with probability 
one in spite of exponentially fast convergence in probability 12. 2. 23]) provided by 
the upper large deviations bound 112.2.11]) . Still, when derivatives of and in 
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e grow not too fast we can derive convergence with probability one from h2.2.23]) . 
Indeed, consider, for instance, the following example 



(2.3.54) X^{t)^x + e Q B{X^{s),Y^{s))ds and 

Y^{t) ^y + cwt + b{X^{s))ds {modi) 



where c ^ is a constant, Wt is the standard one dimensional Brownian motion, 
B{x,y) satisfies i2.2.1]) and it is l-periodic in y and b has a bounded derivative in 
X. Set 



X 



\t) = and y'{t) = 

de de 



Then 




iX [t)\ ^ e e 

* Wit) J \ db{x^(t)) ^ 

dx 

'B{X^{t),Y%t)) 


The solution of this linear equation is easy to estimate which yields that for some 
constant C > 0, 



dX^ (t) 

(2.3.55) sup |— ^1 < Cexp(C/^/£). 

0<t<T/e 



de 



Let /i^ be the invariant measure of the diffusion Yx{t) = y + Wt + tb{x) (mod 1) 
(which is unique since the Doeblin condition is satisfied here) and assume that 

(2.3.56) J B{x,y)dfj,''{y) = for all x 

which does not harm the generality since we always can consider B[x,y) — 
J B(x,y)d^^ {y) in place of B{x,y). Set ek = a((5)/21nfc where a{S) is the same 
as in Ii2. 2. 23\) written for our specific situation. Then e^"'"'^/'^*^ — and by the 
Borel-Cantelli lemma we obtain that there exists ks{Lo), finite with probability one, 
so that for all k > ks{u>), 

max \X^\{t) - x\ < S. 

By \2.3.55\) for e^+i < e < et and k>2, 

niaxo<t<T/e.+i iX'^^it) - Xly{t)\ < Ce^/^{ek - efe+i) 
< Cexp(C^2(lnfc)/a((5)) ln(l + i)(ln/j)-2 — ask^oo. 

It follows that with probability one, 

max \Xl „(t) ~ x\ ^ as k ^ oo 

0<n<T/e 

which is what we need since in our case X^ (t) = x in view of 12.3.56]) . 
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2.4. Verifying assumptions for random evolutions 

In this section we will prove Proposition 12.2.41 Observe that H{x,x',(3) ob- 
tained by (|2.2.18p is the principal eigenvalue of the operator + {f3, B{x' , •)) act- 
ing on vector functions / = (/i, /^v) on the manifold M by the formula (see 

{{C^ + {P,B{x',-)))f)^ - Cth + {f3,Bkix',-))h 

where x, x' and /3 are considered as parameters. According to 67 this operator 
satisfies the strong maximum principle. Thus, the first part of Proposition 12.2.41 
follows from the well known results on operators satisfying the maximum principle 
(see |23| . |24) and [471 1 and the results on the principle eigenvalue of positive 
operators (see [57] . |61) and [38]) and of its smooth dependence on parameters 
which can be derived from the general perturbation theory of linear operators (see 

my 

Now we obtain from (I2.2.18|) that for fc = 1, uniformly in z,x' E X, v E M 
and |/3| < b, 

,1 f 

(2.4.1) \-\ogEeMP, / S._,,(„)(a:',y^,.,fc(u))dw) -ff(z,x',/3)| < pb(s) 

s Jo 

where /9f,(s) — s- as s — > cx). Next, we want to compare 

Qz,v,k{s) = E exjpif], Bi,^^^ i^(^u){x' ,Yz,v,k{u))du) and 
QUA') = EeMPJoB.^^^^ju){x\t%,ki^))du). 

In order to do this we introduce auxiliary random evolutions Wz^v,kis) = 
{Wz,v,k(s),r]k{s)) and W^^j^is) = {Wl^ ,,{s),i]k{s)) governed by the stochastic dif- 
ferential equations 

(2.4.2) rfW"z,t,,fc(s) = (Tr,^(^s){z,Wz,v,k{s))dws -I- (z, W"z,„,fc(s))(is 

and 
(2.4.3) 

respectively, where Wz^y^kiO) = W^2^.t,.fc(0) = v, 

(2.4.4) —^=sB{X%s),W%s)), Xl,AQ)^z 
and for i ^ 

(2.4.5) P{77fc(s-f A) = j|77fe(s) =i} = A + o(A), r;fe(0) A:. 

According to |26| (which relies on Theorem 2 in §6, Ch. VII of |33] ) the distribu- 
tions in the path space of the processes Yz.v,k and ^ /, absolutely continuous 
with respect to the distributions in the path space of the processes Wz,v,k and 
1, k ' respectively, with the densities 

(2.4.6) Ps{Wz,.A-),v) = Wit' %UC.)v.iC.+A^^Wz^vAQ)) 

X exp ( - Erio^ /cr'^'(9..(C.)(^' Wz,.,ki^)) -N+ l)du) 
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and 

exp ( - Erio^ lt'''^iqv.iaXl.A^),Wl,A^)) -N+ l)du) , 
respectively, where 

N 

qk{z,y)= ^ qki{z,y), 

l=l,l^k 

Co = 0, Ci+1 = inf{M > Ci : ?7fc(") 7^ VkiCi)} and n{s) = max{i : r^i < s}. 
Thus, we have to compare 

(2.4.8) g,,,,fc(s) = £;p,(W^,,,,fc(-),??)exp(/3, / VF,,,,fc(M))du) 

Jo 

and 

(2.4.9) Ql„.,(s) -i?p:(lf_,_,(.),VF.,.,fc(-),r?)exp(/3, T i?,,(„)(x', #,%,,(w))du). 

Jo 

Observe that by ((2XT|) . 

(2.4.10) sup |lf^fc(ii)-z| <esX. 

0<ti<s ' ' 

Let Kq be both an upper bound for \qij{x, y)\ and their Lipschitz constant then we 
see from ^(TH) and ([2X6l) - (l2.4.10p that 

(2.4.11) |Q,,„,fe(s) - Ql,^M\ < e(^+^'+^l'3|)^i?(^n(s)if,"(^-^ (^esKK^ 
+KqSViPo<u<s dist(M^,,,^fc(s), Vi^,%,fc(s)) + 2| exp (esA'(if, + 

+s(i^, + i^|/3|)supo<„<,dist(W-,,.,fc(s),W-,%_,(s))) - 1 

Employing the Witney theorem embed smoothly M as a compact submanifold in 
an Euclidean space of a sufficiently high dimension D and extend the operator 
£^ + (/3, B{x' , •)) from M to M'* so that its coefhcients remain and they vanish 
outside a relatively compact set containing M (cf. [37] ). Now we can view (|2.4.2p 
and (|2.4.3p as stochastic differential equations in R'^ keeping the same notations 
for their coefficients and processes there. Then using standard martingale moment 
estimates for stochastic integrals (see, for instance, |41' ) together with (|2.4.f Op and 
the Lipschitz continuity of coefficients in (|2.4.2p and (|2.4.3p we obtain 

^^supo<„<, \W,,^,k{u) - W^|,„,fe(u)|2 
< Ci(l + s){e^s^K^ + J^E8upo<r<u \W.,.Ar) " 
for some Ci > independent of i, x, v, k and e. Hence, by the Gronwall inequality 

(2.4.12) i?supo<„<, (dist(W^,,„,fc(u),W^,%,fe(7/)))' 

= i?supo<„<, |l^,,„,fe(u) - Wl^A^)\^ < Ci(l + s)e^s^K^e^^<^'+^>. 

Observe also that the distribution of n{s) can be written explicitly as (see §55 in 
[32]), 

(2.4.13) p{„(5) ^ fc} = e-(^-i)^^^^^^— iM!. 
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In order to estimate the last expression in the right hand side of ()2.4.1ip we 
note that for any random variable ^, 

|e«-l|<2|e| + (l + e%|>i, 

and so by the Cauchy-Schwarz and the Chebyshev's inequalities 

(2.4.14) E{ei - If < 4.E(^ + 2(£;(1 + e^ff^iE^^f/^. 

Now by (|2.4.1ip - (|2.4.14p together with the Cauchy-Schwarz inequality we obtain 
that for fc = 1, miiformly in x, x' G A", u G M and |/3| < 6, 

(2.4.15) |Q,,,,fc(s)-Q^,^,,fc(s)| <C2(l + 6 + .s)(es + ^/H)e^^(l+''+^> 

for another constant C2 > independent of z, x' , v, (3, t and e. 

Choose s = s{e) = (log(l/£))i/3 and set l{e) = [tl{\og{\/e)f'% By (12.2.211) . 

(2.4.16) e-^^^(^)Q|,,,fe(;(£)5(£)) < Q%,yAt) < e^'<^^Q%,y^Me)<e))- 

\i\z — x\ < Ket and s < t then by (|2.4.ip . (|2.4.15p and the Lipschitz continuity of 
H we obtain that 

(2.4.17) -C2(l + b + s){es + y^)e'^^(^+''+'^'' + cxp {s{H{x, x' , f3) 
^C(h)Ket - pb[s))) < QJ,,,fc(s) < ^2(1 + 6 + s)ies + V?i)e'='^(i+^+^)^ 

+ exp {siH{x, x', (3) ~ C{b)Ket - pb{s))) 

for some constant C{b) > independent of z,x,x' £ X, v & M, |/3| < b, t and e. 
Observe that by the Markov property, 

(2.4.18) Q|,^,,(/s(£)) = i?exp(/3Jo^'-''^^^^(i?..^j„)(x',f4^,(7/))du) 

Now by (|2.4.10|) and p.4.17p applying p.4.18p for Z = /(e), ^(e) - 1, 2 we obtain 
that 

(2.4.19) I i logQ^,^,fc(t) - H{x, x', /?)| < Cib){e^^^ +et + p,{min{t, s{e))) 

for some C{b) > independent of x,x' G X, y G AI, \(3\ < b, t and e, which yields 
(j2.2.3p completing the proof of Proposition 12.2.41 □ 

2.5. Further properties of S'-functionals 

In this section we study essential properties of the functionals Sqt which will 
be needed in the proofs of Theorems 12.2.51 and 12.2.71 in the next sections. The 
following result which follows from [66| is a basic step in our analysis of functionals 
504(7) and our thanks go to R. Pinsky who quickly produced on our request [66\ 
deriving some properties of functionals Ix{f^) needed here. 

2.5.1. Lemma. For each x G X and any vector measure fi — {pi, /xjv) on M 
with J2k=i f-kiM) = 1, Ixif-) < 00 if and only if each /i^, k = 1, N has density 
Qk = dfik/dm with respect to the Riemannian volume m on M such that 

(2.5.1) / dm < 00, k^l,...,N 

Jm 
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where V is the Riemannian gradient and \ \-\\ is a corresponding norm. Furthermore, 
there exists C > such that for any x Cz X and each /i as above for which h2.5.1\) 
holds true, 
(2.5.2) 



C-i^flfc /" \\V^fdm~C<I^{^JL)<C ^ afe /" \\V^fd7n + C 
fe=i -^^-f i<fc<Ar 

where at = ^k{M), and if z ^ X is another point then 

N 

(2.5.3) \h{tj)-Iz{p)\<C\x-z\Y,cik WV^fdm. 



fe=i 



Next, using Lemma 12.5.11 we are able to show that each point where B is 
complete can be connected with close points by curves with small S-functionals 
which, in particular, enables us to obtain important examples of S'-compacts. 

2.5.2. Lemma, (i) There exists C > and for each x ^ X where the vector field 
B is complete there exists r = r{x) > such that if \zi — x\ < r and \z2 — x\ < r 
then we can construct 7 e Cot with t < C\zi — Z2I satisfying 

70 = zi, -ft = Z2 and Sotil) < C\zi - Z2I. 

It follows that R{z,z) and R{z,z) are locally Lipschitz continuous in z belonging to 
the open r -neighborhood of x when z is fixed. 

(ii) Let O G X be a compact -invariant set which either contains a dense in 
O orbit o/n* or R{x,z) = for any pair x,z € O. Suppose that B is complete at 
each point of O. Then O is an S-compact. 

(Hi) Assume that for any r] > there exists T{r]) > such that for each x O 
its orbit {n*x, t € [0,T(?7)]} of length T(ri) forms an rj-net in O and suppose that 
B is complete at a point of O . Then O is an S-compact. 

Proof, (i) Fix some x ^ X and assume that B is complete at x. Then we 
can find a simplex A^. with vertices in = {i?^(x) : Ixif) < 00} such that 
{aAa;, a e [0, 1]} contains an open neighborhood of in R'' and 

k k 

A, - {^A,B^(„(a:) : ^A, = 1, A, > OVz} 

1=1 i=l 

for some /x'^*^ with /j;(/x'^*^) < 00. By compactness of A^, it follows that 

dist(A:r,0) = > 0. 
By (|2.2.ip there exists a small r{x) > such that if — x| < r(a;) then each simplex 

fe fe 
A, = A,B^,(o (z) : 51 = 1' > 

1=1 i=l 

intersects and not at with any ray emanating from G R'^ or, in other words, 
{aAz, a e [0, 1]} contains an open neighborhood of in R'' and, moreover, 

dist(0,A,) > id,. 
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It follows that for any z in the r(a::)-neighborhood of x and any vector ^ there exist 
Ai, A/c > with Ai + • • • + A/c = 1 such that 

fe 

Observe that by ()2.5.2|) and convexity of J^, 

4( y A,/i(^)) < max < C( max /.(^i^*)) + l) 

l<i<fc 

for some C > 0. Hence, any two points z\ and Z2 from the open r(x)-neighborhood 
of X can be connected by a curve 7 lying on the interval connecting z\ and zi with 
-f'^ > > ^dx, i.e. 70 = zi, -ft = Z2 with some t e [/iT^^Izi - Z2\,2d^'^\zi - Z2I] 

and by ([2X9l) . 

^ot(7) < 2C'C'ki - ^2|( max /.(^u^) + 1). 

l<i<k 

In view of the triangle inequality for R what we have proved yields the continuity 
of R{z, z) and R{z, z) in z belonging to the open r(a:)-neighborhood of x when z 
is fixed. Covering X by r(x)— neighborhoods of points x £ A" and choosing a finite 
subcover we obtain (i) with the same constant C > for all points in X. 

For the proof of sufficient conditions (ii) and (iii) of S'-compacthess see Lemma 
[L6Jtii)-(iu) in Part[TJ □ 

2.5.3. Lemma. For any 77 > and T > there exists > such that if 
7 € Cot, 7 C A", S'ot(7) < 00, 70 — xo, and \zq — xo\ < C then we can find 
7 S C'oT, 7 C A" with 7o = zq satisfying 

(2.5.4) roT(7,7) < V and |S'ot(7) ^ 'S'ot(7)I < V- 

Proof. By p.2.9p . (|2.2.19|) and the lower semicontinuity of the functional 
Iz{iy) there exist measures j^t £ A^^^, t £ [0,T] such that jt = B^^{'jt) for Lebesgue 
almost aU t £ [0, T] and 1^^ [vt) — L{-ft,'jt) for Lebesgue almost all t £ [0, T]. Recall 
also that 74 is measurable in t. Introduce the (measurable) map q : [0, T] xV{W) 
RU {00} X M'^ defined by q{t, v) = [l^^{v), B^["ft)). Recall that 74 is measurable in 
i, and so another map r : [0, T] ^ MU {00} x defined by r{t) = (^L{'^t,jt) , it) is 
also measurable in t S [0, T] . Then q{t, vt) = r(t) and it follows from the measurable 
selection in the implicit function theorem (see |15j . Theorem III. 38) that measures 
Vt satisfying this condition can be chosen to depend measurably on i e [0, T]. Since 
5'ot(7) < 00 and the J-functionals are nonnegative then Ij^{vt) < 00 for Lebesgue 
almost all t £ [0, T] (and, actually, without loss of generality we can assume that 
Ij^ [vt) is finite for all t£[Q,T]). 

Now let ^ 

7t =zo+ / B,Sis)ds, t£ [0,T], 



Jo 

which in view of ()2.2.ip determines 7 £ Cqt- Then by (|2.2.ip . 

rot{l,i) <C + K I YQs{l,i)ds 
Jo 

and by Gronwall's inequality 

roT(7,7) < Ce"^^- 
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This together with (|2X2l) and (|2X3l) yields that 

JQ 

for some C > independent of and 7. Exchanging 7 and 7, applying the same 
argument and using the inequality SqtI'j) < Ij^{i't)dt we conclude that 

|5'ot(7) - 5'ot(7)| < CCe^^max(5oT(7),^OT(7)) < CCe^^(l + CCe^^)5'oT(7)- 
Choosing ( small enough we arrive at (|2.5.4p . □ 

The following result will enable us to control the time which the slow motion 
can spend away from the cj-limit set of the averaged motion. 

2.5.4. Lemma. Let G <Z X he a compact set not containing entirely any forward 
semi-orbit of the flow 11*. Then there exist positive constants a — ac and T = Tq 
such that for any x £ G and t > 0, 

inf {5ot(7) : 7 G Cot and 7^ G G for all s € [0,t]} > a[t/T] 

where [c] denotes the integral part of c. 

Proof. The result is a simple consequence of lower semicontinuity of function- 
als Sat and the fact that 5ot(7) = if and only if 7 is a part of an orbit of the flow 
n*. Further details of the argument can be found in Lemma ll.6.4l in Part [1] and in 
Lemma 2.2(a), Chapter 4 of 30 . □ 

For the proof of the following result see Lemma 11.6.51 in Part [T] 

2.5.5. Lemma. Let V be a connected open set with a piecewise smooth boundary 
and assume that V2.2.25]) holds true. Then the function Rd{x) is upper semicon- 
tinuous at any xq £V for which Rq{xo) < 00. Let O d V be an S-compact. 

(i) Then for each z G V the function R{x,z) takes on the same value (z) 
for all X £ O , and so Rd{x) takes on the same value Rq for all x £ O and the set 
dm\n{x) = {z £ dV : R{x,z) — Rg} coincides with the same (may be empty) set 
dmin for all X £ O. Furthermore, for each S > there exists T{S) > such that for 
any x £ O we can construct 7^ £ Gat^ with t^ £ (0, T{d)] satisfying 

(2.5.5) 7i^ = X, jI £ dV and Sm^ (Y) < Rd + S. 

(ii) Suppose that Rq < 00 and dist{lVx, O) < d{t) for some x £ V and d{t) — > 
as t ^ CO. Then Rd{x) < Rq and for any S > there exist Ts.d > (depending only 
on d and the function d but not on x) and 7^ £ Gqs^ with s^ £ {0,Ts_d] satisfying 

(2.5.6) 7i^ X, £ dV and Sos^ (7") < Rd + S. 

In particular, if Rq < 00 then Rq{x) < 00 and if O is an S-attractor of the flow 
n* then Rq{x) < 00 for all x £ V . 

(Hi) Suppose that for any open set U Z) O the compact set V \ U does not 
contain entirely any forward semi-orbit of the flow 11*. Then the function R^ (z) 
is lower semicontinuous in z £ V , R*^ (z) ^ as dist{z,0) 0, and dmin is a 
nonempty compact set. 
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2.6. "Very long" time behavior: exits from a domain 



We start with the foUowing result which will not only yield Theorem 12.2.51 but 
also will play an important role in the proof of Theorem 12.2.71 

2.6.1. Proposition. Let V be a connected open set with a piecewise smooth 
boundary dV such that V = V U dV C X . Assume that for each z £ dV there exist 
L = l{z) > and a probability measure /i with /^(/i) < oo so that 

(2.6.1) z + sB^{z) e W^\V for all s £ (0,i], 

i.e. B^{z) ^ and it points out into the exterior of V . 

(i) Suppose that for some Ai,T > and any z £ V there exists Lp^ £ Cqt such 
that for some t = t{z) G (0, T], 

(2.6.2) ip^Q^ z, ip'^ and Soti^p^) < Ai. 
Then for any x £ V uniformly in y £ M, 

(2.6.3) limsup£log£;T|„(y) < Ai 

and for any a > there exists X{a) — X{x, a) > such that uniformly in y £ M. 
for all small e > 0, 

(2.6.4) Pi-^lyiV) > e(^i+"'/^} < e-^(°)/^ 

(a) Assume that there exists an open set G such that V contains its closure G 
and the intersection ofV\G with the co-limit set of the flow H* is empty. Let T be 
a compact subset of dV such that 

(2.6.5) inf R{x,z)> A2 

for some A2 > 0. Then for some T > and any /3 > there exists A(/3) > such 
that uniformly in y £ M for each x £ V and any small e > 0, 

(2.6.6) P{ZlyiTlyiV)) £ r, T^yiV) < e(-42-/5)/.} 

< P{Zly{rly{V)) £ r, Tl^iV) <T}+ e-^(/5)/^ 
Suppose that for some x £ V , 

(2.6.7) a{x) = inf dist{U*x, dV) > 0. 

Then Roix) > and for each T > there exists A(T) = X{T,x) > such that 
uniformly in y £'M. for all small e > 0, 

(2.6.8) P{T^,y{V) <T}< e-^(^)/^ 

and if the set T from i2. 6. 5\) coincides with the whole dV then for all x £ V 
uniformly in y £ M, 

(2.6.9) liminf elog£:T|„(y) > A2. 

e— >0 ''^ 

Proof. In order to prove (i) we observe, first, that the assumption (|2.6.1[) 
above together with Lemma [2. 5. 2^ 1) and the compactness of dV considerations en- 
able us to extend any ip^, z £V slightly so that it will exit some fixed neighborhood 
of V with only slight increase in its S-functional. Hence, from the beginning we 
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assume that for each (3 > there exists S — 5{(3) > such that for any z G V we 
can find T > 0, (p^ E Cqt and t = t{z) E (0, T] satisfying 

=z,^t ^ Vs and Sot{^') < + f3 

where Vs — {x :dist(a;.y) < 5}. Employing the Markov property we obtain that 
for any x G V, y E M, n > 1, 

(2.6.10) PHJV) > nT} = P{Zly{t) EV,ytE [0,nT]} 

= ^{4j,„(feT)(^) >T,yk = 0,l,...,n- 1} < {sup^,^y^^P{T^{V) > T})". 

From (|2.2.10p and ([^X^ it foUows that 
(2.6.11) 

P{<Cl/) >r} <P{roT(^^,'/^') >^ forany zey} < 1-exp (- (^i +/3 + A)/e). 
By (|2.6.10P and (|2.6.1ip . 

(2.6.12) P{rUV) > e^^'+f^^/^} < g-^^'^)/" 
and 

(2.6.13) Et^{V) < Er=o(" + 1)T{P{tI{V) > nT} - P{r^{V) 

> {n+l)T})^Tj:ZoPKiV)>nT}<Texp{^{A,+P + X)) 

yielding (|2.6.3p and ()2.6.4p since /? and A in p.6.13p can be chosen arbitrarily small 
as e ^ oo. 

Next, we derive the assertion (ii). Let t > and n be the integral part oit/T 
where T > will be chosen later. Let, again, w = {x,y) with x E V and y E M. 
Then 

(2.6.14) P{ZUr^)&r,r^{V)<t} 

< P{Z-jT^iV)) E r, T^iV) <in + 1)T} 
- ELo P{ZUr^{V)) ET,kT< r^(F) < (fc + 1)T}. 

Let K be the intersection of the cj-limit set of the flow H* with V . Then if is a 
compact set and by our assumption K d G. Hence, 

5 = i inf{|a; - z\ : x E K, z E V \ G} > 
o 

and if we set Ujj = {z E V : dist(z, K) < rj} then C/35 C G. Now suppose that 
kT < tI^{V) < {k+ 1)T for some fc > 1 and Z|_„(r^^„(y)) E T with x e and 
vEM. Then either there is h E [(fc - 1)T, kT] such that Z^Jt) eV\U2S for all 
tE [ti, ti + T] or there exist i2, ^3 > such that (fc - 1)T < t2 < h < (fc + 1)T and 
„(i2) e U2S while Z^^^{t3) E T. Set = {7 e Co,2T : 7o = 2; and either there is 
h E [0, T] so that 7t e y \ for aU t E [ti,ti + T] or G C^25 and 7*3 E T for 
some < <2 < ^3 < 2T}. Then for any fc > 1, 

(2.6.15) {Z^Jr^iV}) e r, fcT < t^(V^) < (fc + 1)T} 

c { (V)) E T, ^|j_((fc_i)T) e '^2S,((fc-i)T)}- 

For each g > set 7^'' = {7 e Co,2T : 7o = ^ and ro,2T(7, Xz) < q} and suppose 
that for some 77 > there is d,, > so that 

(2.6.16) inf inf S'o2t(7) > dr,. 
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Then T/'' n ^'o'^jtC-^) = where is the same as m Theorem [^X^ and so 

(2.6.17) r," C {7 e Co,2T : 70 = 2 and ro^2T(7, <:2t(^)) > v}- 

From (|2.2.10p and (|2.6.15p - (|2.6.17|) we obtain that for any /3 > and all sufficiently 
small e, 

(2.6.18) P{ZI{tUV)) eT,kT< t^V) < [k + 1)T} < C'e-^'*"^'^)/" 
for some C > 0. 

Next, we will specify d,, in (|2.6.16p choosing 77 < ^S. For each z £ V we can 
write 

(2.6.19) T/" c 7;" u i;" 

where T^* = {7 G Co,2T : 7o = z, 7*2 <S C/a^ and G r2,, for some < ^2 < ^3 < 
2T} with Fr = {z : dist(z,r) < r} and 7^ = {7 G Co,2T ^70 = 2 and there is 
h G [0,T] so that 7t G \ C^i for all t G [ii, ii + T]}.' By ([2X5]) and the lower 
semicontinuity of the functional S'o,2T it follows that for any ^ > we can choose 
7^ > small enough so that 

(2.6.20) inf inf So 2t(7) > ^2 - C- 

Since V \Us is disjoint with the w-limit set of the flow 11* and the latter is 
closed then if r/ is sufficiently small V2,, \ Us is also disjoint with this w-limit set 
and, in particular, it does not contain any forward semi-orbit of 11*. Hence we can 
apply Lemma 12.5.41 which in view of (|2.2.9p implies that there exists a > such 
that for all small 77 > 0, 

(2.6.21) inf inf S'o2t(7) > aT 

which is not less than A2 if we take T ^ A2/a. Now, (|2.6.20p and (|2.6.2ip produce 
()2.6.16p with d ^ A2 — C, and so (j2.6.18l) follows with such d^. This together with 
(|2.6.14p yield that for any (3 > we can choose sufficiently small C, \ > and then 
?7 > so that for all e small enough 

(2.6.22) P{Z^Ar^) G F, r^{V) < e^^^-f^^^} 
< P{ZI{t'^) G F, t'^{V) <T} + e-V2e 

and follows. 

Now assume that (12.6.71) holds true for some x & V . Recall, that Sqt{i) — 
implies that 7 is a piece of an orbit of the flow 11* . Since no 7 G Cqt satisfying 

(2.6.23) 7o = xand inf dist(7t, 91/) < a(x)/2 

te[o,T] 

can be such piece of an orbit we conclude by the lower semicontinuity of S'qt that 
5'ot(7) > c(x) whenever p.6.23p holds true for some c{x) > independent of 7 
(but depending on x). Hence, by (12. 2. lip . 

(2.6.24) P{t^ <T}< P{roT{Z',,%^T\^)) 

> a{x)/2} < exp(-c(x)/2e) 

provided e is small enough and (|2.6.8p follows. Observe also that any 7 G Cot with 
7o = a; G y and 7* G dV should contain a piece which either belongs to some or 
to r;*, as above, or to satify (|2.6.23p . By (|2.6.20p . (|2.6.2ip . and the above remarks 
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it follows that 5ot(7) > q{x) for such 7 where q{x) > depends only on x, and so 
Roix) > q{x). If r = ay then by ([2XH)l and (l2^ . 

(2.6.25) Et^JV) > e(^^-^)/^ P{rly{V) > e^^^~^^/'} 

> g{A2-P)/e(^i _ g-A(/3)/£ _ g-A(T)/£-) 

and, since /3 > is arbitrary, (|2.6.9|) follows completing the proof of Proposition 

mi □ 

Now we will derive Theorem 12.2.51 from Proposition 12 .6 . Il Assume, first, that 
Rd < 00. Then by Lemma [2.5.5) Rd{x) is finite in the whole V. Moreover, since 
O is an S'-attractor the conditions of Lemma [2. 5. 51 are satisfied with some d{t) — > 
as i — > CX3 the same for all points of V which yields the conditions of Proposition 
[2XlT i) with Ai = Rq + S for any S > 0. Hence, ((2j:3l) and ((2X4)) hold true with 
Ai = Rg. Since O is an S'-attractor of the flow 11* and its basin contains V then 
the intersection of V \ with the w-limit set of 11' is empty. By the definition of 
an S'-attractor for any ( > there exists an open set U,^ D O such that R{x, < C 
whenever x Q O and z £ U^. Hence, by the triangle inequality for the function R 
and Lemma [2. 5. 51 for any set F C dV, 

(2.6.26) inf R{z, ~z) > inf i?'^(5) - (■ 

If r = dV then by Lemma [2. 5. 51 the right hand side of (|2.6.26p equals A2 = Rd — C- 
Assuming that Rg < 00 we can apply Proposition l2.6.]T ii) with such A2 yielding 
([2A6| . ([2A8| and since C > is arbitrary ()2.2.26p and ()2.2.27p follow in this case. 
If Rg = 00 then (|2.2.27p is trivial and by (|2.6.26p . R{z, z) = 00 for any z E and 
z e dV, and so we can apply Proposition 12. 6. iT ii) with any A2 which sais that the 
left hand side in (|2.6.9p equals 00, and so (|2.2.26p holds true in this case, as well. 

Next, we establish (|2.2.28p . For small 5, (3 > and large T > which will be 
specified later on set tf, — T + e^^'^ and define the event 

EUn) = {Tl:.it,n+T)x;iit.n+T)/e)iUsm < e"/'}. 

Then 

(2.6.27) QUin + 1% A t^(V)) - Q%{nt, A t^,{V)) 

<T + t,Iv{Z'Aten)){lv\u,MO)iZviten + T)) + lu,,,i^o){Zl{ten + T))Ih^(„)). 

If 5 is sufficiently small then Vg is still contained in the basin of O with respect to 
the flow H*, and so we can choose T (depending only on 5) so that 

Then for some a > 0, 

inf {Sot(7) : 7 € Cqt, 7o G K5, It ^ C^a/slC)} > a, 

and so if 70 G Vg and 7t ^ Us/2{0) then dist(7, ^^^(z)) > (5/6 for any z G Vs. 
Relying on (|2.2.1ip and the Markov property we obtain that for any v — (z, y) with 

z e y, 

(2.6.28) P{Zl%n) e V and Zl%n + T) eV\Us/2{0)} < e""/^" 

provided e is small enough. Next, the same arguments which yield (|2.6.22p and 
(|2.6.24p together with the Markov property enable us to conclude that if /3 > is 
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small enough then for any v = (z, y) with z G 

(2.6.29) P{Zl{ten + T) e Us/2{0) and S|,(n)} < e~^/". 

Applying (|2.6.27p - (|2.6.29p we conclude that for sufhciently small /3 and any 
much smaller e, 

(2.6.30) E{Ql{{n + 1% A <(y)) - e^(ni, A <(y))) < t,e-''/^(T + 1). 

Finally, (|2.2.27p and p.6.30p together with the Chebyshev inequality yield that for 
n{e) — [e(^3+'^/'*)/^i~^], each a: G a small /3 > and any much smaller e > 0, 

(2.6.31) P{Ql..{rl^{V)) > e-P/^^rl^{V)} 

< P{^%.JM£) + l)ie) > e-'5/4^e(««-^/4)/e| 

+ P{^lwiV) < e(«a-/3/4)/e or r|^^(y) > e(i?.a+/3/4)/s| 

< (56-^/4^(1 + e-(«£'+/5/4)A(r + e/5/^)) + e-^('3/4)/£^ 

Since Rg > and we can choose (3 to be arbitrarily small, (|2.6.3ip yields (|2.2.28p . 

In order to complete the proof of Theorem 1 2 . 2 . 51 we have to derive (|2.2.29p . If 
dmin = dV then there is nothing to prove, so we assume that Smin is a proper subset 
of dV and in this case, clearly, Rq < oo. Since T — {z £ dV : dist(z, ^min) > 
i5} is compact and disjoint with dmin which is also compact then by the lower 
semicontinuity of R^{z) established in Lemma [2.5.5^ 111) it follows that R'^{z) > 
Ra + (3 for some /? > and all z eV. Then by (|2.6.26p . R{z, i)>Rd + (3/2 for any 
z £ Up/2 and z £T. Hence, applying Proposition 12.6.11 we obtain that 

P{rlyiV) > < e-^/^ 

and 

P{ZlyirlyiV)) e r, T^JV) < e(«-+^«/-} < e-V- 

for some A > and all e small enough yielding (|2.2.29p and completing the proof 
of Theorem [2X51 □ 

2.7. Adiabatic transitions between basins of attractors 

In this section we will prove Theorem 12.2.71 relying, again, on Proposition 
12.6.11 together with Markov and strong Markov property of the Markov process 
{X%t),Y''{t)). In view of (|2.2.32p and Lemma I^XW i) any curve 7 e Cot starting 
aA, Jo = X G Vj^ and ending at 74 = z G r\i<i<kdVj., k < £ can be extended into 
each Vj-, i = 1, ...,k with arbitrarily small increase in its 5-functional. Hence, 

(2.7.1) minify 

where = inf{_R(x, z) : x G Oi, z e dVi}. Let Q be an open ball of radius at 
least ro centered at the origin of W^. By Assumption 12.2.61 the slow motion ^ 
cannot exit Q provided x € Q and y £ W. Furthermore, it is clear that Q contains 
the w-limit set of the averaged flow H* . Assumption 12.2.61 enables us to deal only 
with restricted basins — Vi C] Q and though the boundaries dV^ of Vf^ may 
include now parts of the boundary dQ of Q it makes no difference since Z'^ cannot 
reach dQ if it starts in Q. Set V'^^^ — Q\ ^j^iUsiOj) where (5 > is small enough. 
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We claim that in view of ()2.2.32p each Vi satisfies conditions of Proposition l2.6.lT i) 
for any /3 > with Ai — Rg^ + f3 and some T — Tp depending on (3. Indeed, set 

d(ri) = {d e Q : dist(w, Ui<j<^ay,) < > 0. 

In view of (|2.2.32p and Lemma 12.5.11 there exists L > such that if -q is small 
enough and z e d{ri) we can construct a curve i/?^ G Cqxij with S'o,L))(v^) ^ Lrj, 
(/3q = z, ^ Vj\ d{r]) for some t G [0, Lj]] and j — !,...,£. Since Vj is the basin of 
Oj there exists T — T^ s such that H'^ff € [/^(C'j) and extending (p^ by the piece 
of the orbit of H* we obtain a curve (^^ € C'o.Lij+t starting at z, entering Us{Oj) 
and satisfying SQ.Lrj+ri'f'^) < Hence, for z e the condition (|2.6.2p holds 
true with V — V^^^ and Ai = Lrj. Since the cj-limit set of the flow H* is contained 
in Q ri ( Ui<j<£ {dVj U Cj)) it follows from Assumption 12.2.61 and compactness 
considerations that there exists T = Tri^s such that for any z (z Q \ Vi we can find 
e [0, f] with n^'z e (9(r;) U ( Uj^i Us{Oj)). If n*-z e Uj^iC/5(Cj) then we take 
ipf = n*z, i e [0, f] to satisfy ((2X2)) for V = F^'^ and Ai = 0. If n*-z e ^(t?) then 
we extend the curve ip^ = H*z, t € [0,tz] as in the above argument which yields a 
curve ip^ starting at z, ending in some Us{Oj), j ^ i and having its S'-functional 
not exceeding Lrj. Finally, in the same way as in the proof of Theorem 12.2.51 for any 
P > there exists T = T^^s.p such that whenever z ^ Vi{ri) — Vi O Q \ d{rj) we can 
construct p"" G C^f such that 1^3:^ holds true with V V^{ri) and Ai = i?^'^+/3/2 
and, moreover, dist((/3j , Vj) < rj for some t <T and j ^ i with — Rq^ ■ Then in 
the same way as above we can extend p^ to some (p^ £ ^f+f ^'^ t\\a± (pi e Us{Vj) 
for some j as above, t < T + T and f^f{(p^) < Rg^ + f3/2 + Lrj which gives 

(|2X2l) for all z e y = V'-'^ with Ai = i?^'' + (3 provided 77 is small enough. Hence, 
Proposition 12.6. iT i) yields the estimates (|2.6.3p and (|2.6.4p for y{i) in place of 

t| y{V) with Ai = R^f)^ ■ In order to obtain the corresponding bounds in the other 
direction observe that in view of ()2.2.32p . 

(2.7.2) r'i^''{S) = inf{i?(x,z) : x e O^, z ^ Vi{r])} r'^^ as (5 -> 0. 

Since Vi (77) is contained in the basin of Oi we can apply to Vi (rf) the same estimates 
as in Theorem 12.2.51 which together with ()2.7.2p and the fact that the exit time of 
from Vi{if) is smaller than its exit time from Vi provide the remaining bounds 
yielding (|2.2.33p and (|2.2.34p . 

Next, we derive (j2.2.35p similarly to (|2.2.28p but taking into account that 
^i<j<idVj may contain parts of the w-limit set of the flow H* which allows the 
slow motion to stay long time near these boundaries. Still, set 

ei = inf{t > : Zl{t) e U,<j<iUs/3{0,)}. 

Using the same arguments as above we conclude that for any 77 > there exists 
T = T,-ij such that whenever z € Q we can construct p>^ G Cqt with p^ = z, p^ € 
Ui<j<eUsiOj) and Sorip^) < rj. This together with (|2.6.12p and Assumption [2X6l 
yield that 

P{ei > e^''/^} < e"^('')/^ 
for some A(?7) = A(a:;, 77) > and all small e. Set 

T,{v) = {Zl{^^l^) e 0\Ui<,<,t/5/2(Oj)}, 
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and — e^**/^ + e^/^ where 77 is much smaher than p. Then proceeding similarly 
to the proof of ()2.2.28|) as in (I2.6.28|) - (|2.6.3ip above we arrive at ()2.2.35|) . 

Next, we obtain (|2.2.36p relying on additional assumptions specified in the 
statement of Theorem 12.2.71 Let be the same as above and dQ\x) — {z £ 
dV^ : Rix,z) = 4^)}. Since Oi is an S'-attractor it follows from Lemma l2.5.5f i) 
that R{x, z) and dQ\x) coincide with the same function R'^'{z) and the same (in 
general, may be empty) set ^ respectively, for all x £ Oi. By Lemma [2.5. 2f i). 
our assumption that B is complete on dVi implies that i?*^' (z) is continuous in a 
neighborhood of dVi, and so d^^^ is a nonempty compact set. Since we assume that 

7^ z is the unique index j for which Rij — R,u[i) — Rg"^ then by (|2.2.32p . 
min inf dist{z,dVj) > 0. 

Observe that if (!) C dVi is an S'-compact then either O C d^j ^ or (!) n 9^'^ = 0. 
Denote by Lu the w-limit set of the averaged flow H* . Since Ln H dVi consists of a 
finite number of S'-compacts it follows that 

inf{|z - z| : z e Ln n d^"\ S e Ln\ > 0. 
By the continuity of R^^ (z) in z G dVi there exists a > such that 

inf {i?°'(z) : z e ( U,^,,,(,) {^V^ (1 dVj)) U ((Ln \ 4'') n dV,)} > + 9a. 

These considerations enable us to construct a connected open set G with a piecewise 
smooth boundary dG such that 

G cl^. U \ U n \ (Ln \ 9^'^)) 

and for F = dG \ Us{Oi,(^i-)) and some a{d) > 0, 

(2.7.3) inf i?'^*(z) > 4^ + 8a 

provided a < a{S). The idea of this construction is that if Z^ y{T^y{i)) ^ Vt(i) 
then the slow motion should exit G through the part T of its boundary. Somewhat 
similarly to the proof of Proposition l2.6.ll( ii) we will show that "most likely" this can 
only occur after the time exp ((4*' + ^a)/^) and, on the other hand, we conclude 
from (|2.2.34p that except for small probability the exit time y(i) does not exceed 

exp((4')+a)/e). 

Let Uq be a sufficiently small open neighborhood of Oq^ so that, in particular, 

sup i?°'(z) < 4^ +a 
zeUo 

and set 

<,(G) = inf{t > : ZI,,(<,(G)) ^ G}. 

Then 

(2.7.4) {r^iG) < e(4''+'^)/^ Z,^(r„nG)) G T} C Uo<„<n(.)+i (A^'Hn) U 

U(„_l),.<fc<(„+1)*. {A(^Hk)+A('Hk)+{Jk-2U<ra<k-2TA^'H^)nA(^Hk))) 

where t, = e''/^ for some smaU /? > 0, n{e) = [e(«a'+'^-/3)A] , A^^){n) = {Z^{t) e 
G \ {U^{0^) U UsiO,(^i))) for all i e [(n - l)te,nte]} for a sufficiently smaU ?? > 0, 

A(2)(fc) = {3ii,t2withA: < ii < <2 < fc + 3r, z^(ti) e [/„((!),), ^^^(^2) e r}, 
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A(3)(fc) = {Z^{t) e G \ (C/o U Ur,iOi) U C/5(a(o)) foi- all te[k,k + T]}, A(4)(m) - 
{3ti,t2withm < ti < ^2 < "i + T, Z^{ti) £ U^(Oi), Z^{t2) £ Uq}, and A^^^k) = 
{3t3,t4withfc < ts < < k + T, Z^its) € f/o, ^^(<4) e T}. Observe that G \ 
(Ur,{Oi)UUs{0 ^(^i^)^ satisfies conditions of Proposition [^3?lT i) with arbitrarily small 
Ai , so similarly to (|2.6.12|1 we can estimate 

(2.7.5) P(A(i) (n)) < exp(-ie''/^). 
Similarly to the proof of Proposition 12.6. ir ii) we obtain also that 

(2.7.6) max {P{A^^^ (k)), P{A^^^ (fc))) < e-(-«a '+3'^)/^ 

where we, first, choose rj small and then T large enough. 

Next, relying on the Markov property and the arguments similar to the proof 
of Proposition 12. 6. iT ii) we estimate 

(2.7.7) P(A(4)(to) n A(5)(fc)) < e-(4"+3a)/s 

provided m < k — 2T and e is small enough. Summing in to, k and n we obtain 
from (|2.7.4p - (|2.7.7p that for a small /3 and all sufficiently small e, 

(2.7.8) P{<{G) < e(^9'+-)/^, ^„'«(G)) e P} < e-'^/^ 
Employing Proposition 12 . 6 . TT i) we derive that 

F{<(G) > e^Ro'+-)/^} < e-Ve 

for some A > and all e small enough which together with (|2.7.8p yield (|2.2.36p . 

In order to complete the proof of Theorem 12.2.71 it remains to derive (|2.2.37p 
and (|2.2.38p . Both statements hold true for n = 1 in view of (|2.2.34|) and (|2.2.36p 
and we proceed by induction. Set 

H{n, a) = {Sf (fc, -a) < T^{i, k) < E^(fc, a) Vfc < n} 

and 

G{n) = {Z'Mhk)) e V;,(,) Vfc < n}. 

As the induction hypotesis we assume that for any a > there exist A(a) > and 
A > such that for all small e, 

(2.7.9) P{H{n, «))>!- ne'^t")/^ and m{G{n)) > 1 - ne'^/^ 
By p.2.36[) and the strong Markov property 

(2.7.10) P{G{n) \ G{n + 1)) = P({Z„-(t„(*, n + 1)) ^ n G{n)) 
£'Izj(r„(j.„))eac/,(o,„(,))f'{2'|j(^^(, „))(T2j(^^(,,„))(i„(i)) ^ V;,„^iw} < e"^/^ 

which implies p.2.38p . Similarly, by (|2.2.34p and the strong Markov property 

(2.7.11) P{iHin, a) \ H{n + 1, a)) n G(n)) < EIz.^r^i,^r.))eOUs(o,„^,,) 

xf'{TZj(T,(i, «))('-«(«)) > Oi) 01 Tz,Jr^(i,n)){l-n{i)) < Sf(n,-Q:)} < e'^f")/^ 

proving (|2.2.37p and completing the proof of Theorem 12.2.71 □ 
Finally, we prove Theorem 12.2.81 emploving the arguments similar to §2 and §3 
in Ch. 6 of |30| . Namely, in order to obtain the upper bound in (|2.2.39p observe 
that for any h > there are po,So > such that if p < po, S < Sq and a curve 
7 e Got satisfies 70 S dUs{Oi) and dist{'yt, dUs{Oj)) < p then Sot{j) > Rij — h. 
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Using Lemma [2 . 5 . 4 1 and the upper bound of large deviations ()2.2.1ip we can choose 
t — Ti such that for all small e and any v E Ui<j<edU2s{Oj), 

(2.7.12) P{a^^*(l)>ri}<e-^. 

Any path of starting at a point of dU2s{Oi) and reaching dUs{Oj) at time af,'^{l) 
either spends the time Ti without touching the set Ui<k<edUs{Ok) or arrives at Tj 
during the time Ti . In the latter case roTi (Z^ 5-0^^ {x)) > p and by (|2.2.1ip and 
(|2.7.12p for any v = {x, y) with x G dU2s{Oi), all e small enough and j ^ i, 

(2.7.13) P{Z^,iaf,'\l)) e dUsiO,)} < P{a^>(l) > Ti} 

+F{roTl(^^<T^"(^)) ^P}^ cxp(- (i?,, -h^$)/e) 

for some /3 > independent of e. Any path of starting at x e dUs{Oi) and reach- 
ing dUs{Oj) at the time must first hit at time the set dU2s{Oi), and 
so (|2.7.13p together with the Markov property yields the upper bound in (|2.2.39p . 

In order to derive the lower bound in (|2.2.39p observe that using the definition 
of S'-attractors and Lemma [2. 5 .31 (similarly to the proof of Lemma [1.6.5( 11) in Part 
[T] and see also §2 in Ch. 6 of [30j ) we conclude that for any h > there exists 
So such that if 5 < Jo then for any v = {x,y) G Ti there exists a curve 7 S Cot 
such that 70 = x,'js & U2s{Oi) for s G [0,si], 7^ ^ Ui <k<e,k^j dUs{Ok) for s > si, 
7t e Us/2{Oj) and, finally, 504(7) < % + h. Then by (|2.2.10p for aU smaU e > 0, 
(2.7.14) 

P{Zl{al^\\)) e dUsiO,)} > F{rot(Z^7) < S/2} > exp ( - {R,, +h + P)/e) 

for some /? > independent of e which together with (|2.7.13p yields (|2.2.39p . 

Now, (j2.2.40p follows from (|2.2.39p and the estimates for invariant measures of 
Markov chains from §3, Ch. 6 in |30) . □ 



2.8. Averaging in difference equations 

Theorem 12.2.101 follows by a slight modification (essentially, by simplification) 
of the proof of Theorems I2.2.2[ in particular, the standard Gronwall inequality 
required in the proof of Lemma [2.3.41 should be replaced by its discrete time version 
from [25j . We have also to check that (I2.2.42P holds true here which is easier to do 
than in the continuous time case. Indeed, 

Q%{x\ X, y) = EeMP, EU ^(^'' ^lyiM = /m ' ' ' /m dm{y^)p-{y, y,) 
X exp(/3, B{x' ,yi))dm{y2)p^^ (yi, ^2) exp(/3, B{x\ ^2)) 
X ••• X dm{yk)p''''-^{yk-i,yk)exp{(3,B{x' ,yk)) 

where Xk+i ^ Xk + eB{xk,yk), fc = 0, 1, I, xq = x,yQ = y. By (|2.2.ip . 

\xj — a;| < Kke for j = 1, k. 

Since all yj e M which is compact and \xj — a;| < KT, i.e. all Xj stay also in a 
compact set, we obtain from our assumptions on transition densities that for all 
y,y £M and j = 0, 1, fc - 1, 

1 - CKke < ^ 'j^^'^} < 1 + CKks 
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for some C > independent of e, fc, y, y and x staying in a compact set. Hence, 

(1 - CKkef < < (1 + CKke)' 

Qk{x',x,y) 

where Qk{x',x,y) = Q^{x',x,y) is obtained from Ql{x',x,y) by replacing Y^y in 
the latter by Y^y = Y^^y It follows from standard facts on principal eigenvalues of 
positive operators (see, for instance, [61] and [38j ) that uniformly in y G M and 
x^x' & X the limit 

lim \ \ogQk{{x' ,x,y) ^ H{x,x' 

exists and it satisfies the conditions of Assumption 12.2.91 and so taking the loga- 
rithm in the ineguality above and dividing by k we arrive at (j2.2.42p . 

Theorem 12.2.121 also follows by a slight modification of proofs of Theorems 
12.2.51 and 12.2.71 only we have to derive a result which replaces Lemma 12.5.11 pro- 
viding required properties of /-functionals given by (j2.2.45p . Since, without loss of 
generality, we can assume that < p^{y, v) < C for some C > and by (I2.2.45p . 

I^in) = sup / log-T^ TTXTTT^'^^y)' 

where the supremum is taken over positive continuous functions u. Then 

sup / log-T^ . dn{y) < hip) < sup / log J -—-—-dii{y). 

It is easy to see from here that /^(/i) < oo if and only if dfj,{y) — g{y)dm{y) and 
the density g is bounded. Hence, in this case, 

< sup„>o/j^sup5log j^-^^)M_dm(?/) < sup 5 ( log C 
+ suPi,>o(/]v[ log u(y)dm(y) - log /j^u(y)dTO(y))) ^ sup g log C. 

Since 

v) - p^'iy, v)\ < D\x -z\< CD\x - z| min(p^(y, v),p''{y, v)) 
for some > 0, wc obtain 

\lap) im\ < sup„>o /m I log 

< log(H- C£i|x - z|). 

Two last inequalities provide all properties of /-fuctionals which are needed in order 
to replace Lemma 12.5.11 and to proceed with arguments of Sections I2.5H2.7I in the 
discrete time case. 

Theorem 12.2.101 provides, in particular, an approximation of the slow motion 
by the averaged one in probability but, in general, we do not have convergence in 
(|2.1.4p also with probability one (see jllj ). Sometimes, we can derive this almost 
sure convergence from the upper large deviations bound estimating the derivative 
in e of the slow motion as in the following example. Let B[x,y) be a bounded 
1-pcriodic in y function on M} x M} with bounded derivatives and let ^1,^2, ■•■ be 
a sequence of independent identically distributed (i.i.d.) random variables. Define 
recursively 

(2.8.1) X^,{n + l)=XAn)+eB{X^,{n),Y^{n)), 

Y^-{n + 1) = Y^{n) + Xl{n) + e„+i 
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where v = {zjw) and X^{Q) — z, Y^{Q) ~ w. Then 
(2.8.2) '-^^i^ = ^ + B{X^Jn),Y^%n)) 

^ dB{x^{n),Y:{n)) dx^jn) __ dB {x-Jn) ,Y; (n)) gy; (n) 
^ dx de dy de ' 

dY^{n+l) _ dY^ (n) dX^(n) 
de de de 

Set 

I aB{x^M),y: in)) aB{xlin),Y^in)) \ f B (X ^ (u) , Y.^ {u)) 

V / 



















ii 





which are sequences of bounded matrices and vectors. Taking into account the 
equahties 

^.^.Oand 
de de 

we obtain from (|2.8.2p by induction (with the agreement HjCri ^ ^) ^^^^ 



de 



y^^n k I ^Y,k+l<ji<...<j„^k-l-2<n-l'n.i=l ^l{3i))Qvik)- 

Since Al{j) and q^{k) are bounded we obtain that 
dX''(n) 

(2.8.3) I ^ 1 < Cn^(l + C£)"-^-2 < ne-\l + Cer 



fc=0 



for some C > independent of n and e. 

Since B{x, y) is 1-periodic in y we can replace the second equahty in (|2.8.ip by 

(2.8.4) Y^{n + 1) = Y.^{n) + Xl{n) + Cn+i (mod 1), 

i.e. we consider now Y^(n) evolving on the interval [0,1] with and 1 identified 
which makes it the circle of radius l/27r. Suppose that the distribution of has a 
density p{y) with respect to the Lebesgue measure which is positive on [0, 1]. Now 
we have the family of Markov chains Yr^ y(n), n > with transition probabilities 

(2.8.5) P4y,T) = P{Y,^yil) e r} = P{x+y+^i (mod 1) e r} = J^piz-x-y)dz. 

Thus we are in the framework of our main model satisfying Assumption 12.2.91 and 
so the assertion of Theorem 12.2.101 holds true. Let fj,^ be the invariant measure of 
the Markov chain Y^ (which is unique since the Doeblin condition is satisfied here) 
and assume that 

(2.8.6) J B{x,y)dfi''{y) = for aU a; 

which is, essentially, not a restriction since we always can consider B{x,y) — 
J B{x,y)d^^{y) in place of B{x,y). This means that X^{n) = x and we derive 
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from Theorem l2.2. 101 that for any i5 > there exists a{S) > such that for aU small 

(2.8.7) P{ max \X^ (n) - x\ > 6} < e-"^'')/^ 

0<ra<T/e 

Set Ek = a{S)/2\nk then e^"'*)/^* = and by the Borel-Cantelli lemma we 
obtain that there exists ks{uj) finite with probability one so that for all k > ks{Lu), 

(2.8.8) max \X-,%{n) - x\ < 6. 
By (|2X3| for Ek+i < e < £fe and fc > 2, 

(2.8.9) maxo<„<T/e.+i \X'.%in) - Xly{n)\ < Te^l,{l + Cskf/^-^^ (sk - e^+i) 

< 2Te^^^{a{S))-^ ln(l + i) — > as fc oo. 
It follows that with probability one, 

(2.8.10) max „(n) - a;| as fc oo. 

0<n<T/e 

The conditions above can be relaxed a bit but this method will not already work 
if, for instance, the second equality in (|2.8.ip is replaced by 

Y^'in + 1) = 2K„^(n) + X^n) + S^n+i 

since in this case the derivative '^^2e^^ may grow exponentially in n and, indeed, 
we show in that for the latter example there is no convergence with probability 
one in (|2.8.10p provided (5 > is small enough. 

Next, we exhibit two examples of computations which demonstrate adiabatic 
transitions between attractors of the averaged system via the statistics of propor- 
tions of time the slow motion spends in basins of different attractors. The fast 
motions in both examples are given by the second equation in (j2.8.ip where 
^i,^2,--- are i.i.d. random variables with the uniform distribution on [0,1]. The 
slow motion X^ is given by the first equation in (|2.8.ip where in the first example 

B{x,y) = Bi{x,y) ^ x{x^ - 4:){l - x^) + 50sm2TTy 

and in the second example 

B{x,y) = B2{x,y) = x{x'^ - 4)(1 - 2:)(1.5 + x) + 50sm2TTy. 

The Markov chains Yx preserve here the Lebesgue measure on [0, 1] which is the 
unique invariant measure for them, and so the averaged equation (|2.1.6p for Z{t) = 
X^it/e) has the right hand side B{x) = Bi{x) = x{x'^ — 4)(1 — x'^) in the first 
case and, -8(2;) = -62(2;) = x{x^ — 4)(1 — a;)(1.5 + x) in the second case. The 
one dimensional vector field B{x) has three attracting fixed points Oi = 2, O2 = 
0,03 ~ —2 and two repelling fixed points 1 and —1, while B2{x) has the same 
attracting fixed points but one repelling fixed point moves now from —1 to —3/2 
making the basin of —2 smaller which makes it easier for the slow motion to escape 
from there. It is easy to see that Bi and B2 are complete at the fixed points of the 
averaged system, and so Theorem 12.2.121 is applicable in this situation. According 
to the corresponding part of Theorem l2.2.1^ the transitions between Oi, 02, and Oa 
are determined by Rij, i,j — 1,2,3 which are obtained via the functionals S'ot(7) 
given by (|2.2.9p but even here these functionals are not easy to compute. The 
functionals 5*0* (7) yield non classical variational problems and the effective ways of 
their computation remain for further research . 
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Figure 2.8.1. Symmetrical basins case 



In the first example we plot above the histogram with 10"* intervals of a single 
orbit of the slow motion y{n), n = 0, 1, 2, 10* with e = 10^'^ and the initial 
values X — 0, y — 0. The histogram shows that most of the points of the orbit stay 
near the attractors Oi, O2 and O3 and X^ y{n) hops between basins of attraction 
of these points. The form of the histogram indicates the equality R21 = R23, which 
follows also by the symmetry considerations, but in this case Theorem l2.2.12l cannot 
specify whether the slow motion mostly exits from the basin of O2 to the basin of 
d or to the basin of O3 . 

In the second example the basin of attraction of —2 becomes smaller while the 
left interval of the basin of attraction of becomes larger. The latter leads to the 
inequality R23 > R21 which according to Theorem 12 . 2 . 1 21 makes it more difficult for 
the slow motion to exit to the left from the basin of O2 than to the right. In the 
histogram below (which has again 10** intervals) we plot y{n), n = 0, 1, 2, 10* 
with e = 10^* and the initial values x = —2, y = 0. In compliance with Theorem 
12.2.121 the histogram demonstrates that the slow motion leaves the basin of O3 
and after arriving at the basin of O2 it exits mostly to the basin of Oi, and so 
the slow motion hops mostly between basins of Oi and O2 staying most of the 
time in small neighborhoods of these points. Still, a complete rigorous explanation 
of these histograms even for our simple examples requires nontrivial additional 
arguments. It is interesting to observe that these histograms have the same form as 
in Section 11.91 of Part [1] where randomness is generated by the expanding (chaotic) 
map y Sy instead of adding uniformly distributed random variables as we do it 
here. 
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Figure 2.8.2. Asymmetrical basins case 



2.9. Extensions: stochastic resonance 

The scheme for the stochastic resonance type phenomenon described below is 
a slight modification of the model suggested by M.Freidlin (cf. ^29; ) and it can be 
demonstrated in the setup of three scale systems 

^^^^ ^ SeA{V'^^{t),X'-^{t),Y'^^{t)) 

(2.9.1) ^^^TT^ = eB{V'-^{t), X'^^it), Y^'^it)) 

dY^-\t) = (j{V^-^{t), X^-'^{t), Y^-^{t))dwt + b{V^-^{t), X^^^{t), Y^-^{t))dt, 

V'^ = V^-;^y, X''^ = X'^iy, y^-*' = Y^'ly With imtml conditions V'^^O) = v, 
X^'^{Q) = X and y^'*(0) = y and the last equation in (|2.9.ip is a stochastic dif- 
ferential equation coupled with first two ordinary differential equations though to- 
gether they should be considered as a system of stochastic differential equations 
(with a degeneration in the first two). We assume that V^'^ £ R', X"^'^ £ while 
Y'^'^ evolves on a compact nM-dimensional Riemannian manifold M and the 
coefficients A, B, b are bounded smooth vector fields on M}, K'^ and M, respec- 
tively, depending on other variables as parameters. We suppose also that a — acr* 
is a uniformly positive definite smooth matrix field on M. In the same way as in 
Section 12.21 we can generalize the setup taking Y'^'^ to be random evolutions but 
in order to simplify the notations we restrict ourselves to fast motions Y^'^ being 
diffusions. The solution of (|2.9.ip determines a Markov diffusion process which 
the triple {V^'^ , X^'^ ,Y'''^). Taking e = S = we arrive at the (unperturbed) 
process {v,x,Y^-^^y) where Y = Yv,x,y = Yv,x,y solves the unperturbed stochastic 
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differential equation 

(2.9.2) dY{t) ^ a{v, x, Y{t))dwt + b{v, x, Y{t))dt. 

It is natural to view the diffusion Y{t) as describing an idealized physical system 
where parameters v — (ui, ■■■,vi) and x = (xi, ...,a;d) are assumed to be constants 
of motion while the perturbed process {V^'^ , X^'^ .Y"^'^) is regarded as describing 
a real system where evolution of these parameters is also taken into consideration 
but unlike the averaging setup (j2.1.ip we have now two sets of parameters moving 
with very different speeds. 

Let jjLy .^ be the unique invariant measure of the diffusion Y{t) — Y^^x^y{t). Set 



(2.9.3) B^{x) = B{v,x) = J B{v,x,y)dfj.y^4y) 
and let X^"^ be the solution of the averaged equation 

(2.9.4) ^^^^B.(x(-)(i)). 

First, we apply averaging and large deviations estimates in averaging from the 
previous sections to two last equations in (|2.9.1[) freezing the slowest variable v 
(i.e. taking for a moment 6 = 0). Namely, set X^{t) = X^'^ y{t/e) and Y'^{t) = 
>?;°y(i/£) so that 

(2.9.5) ^=eB{v,X%t),Y-{t)) 

= a(«, X^-{t), Y%t))dwt + b{v, X%t),Y^{t))dt. 

Suppose for simplicity that I = d = 1 (i.e. both V'^'^ and X"^'^ are one dimensional) 
and that the solution X'-'"\t) of (|2.9.4p has the limit set consisting of two attracting 
points Oi and O2, which for simplicity we assume to be independent of v, and a 
repelling fixed point Oq depending on v and separating their basins. As an example 
of B we may have in mind By{x) = {x — v){\ — x"^) , —1 < v < 1. Let >5'oy(7) be 
the large deviations rate functional for the system of last two equations in (j2.9.ip 
defined in p.2.9|) and set for i,j = 1,2, 

(2.9.6) R,,{v) = inf{5oV(7) : 7 e Cqt, 70 = O,, 7t = O,, T > 0} 



(cf. with Rij in Theorem 12. 2. 7p . 
Set 

(2.9.7) Mv)= J Aiv,0„y)dii,^oM 
and assume that for all v, 

(2.9.8) Ai{v)<0 and A2{v) > 

which means in view of the averaging principle (see Theorem 12.2.21 and the follow- 
ing it discussion) that V^'^y{t) decreases (increases) with high probability while 
^vi,yii) stays close to d (to O2). 

The following statement suggests a "nearly" periodic behavior of the slowest 
motion. 

2.9.1. Conjecture. Suppose that there exist strictly increasing and decreasing 
functions V-{r) andv+(r), respectively, so that 

i?i2(v_(r)) =i?2i(v+(r)) =r 
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and t'-(A) = f+(A) = v* for some A > while v-{r) < v* < for r < X. 

Assume that S and e —^ in such a way that 

(2.9.9) lim eln(fc) = -p > -A. 

Then for any v,x there exists to > so that the slowest motion V^'^ y{t + to) = 
V^''^ y(^{t + to)/Se), t>0 converges in distribution (as e,S ^ so that 112. 9. 9]) holds 
true) to a periodic function tpit), i'it + T) = ^{t) with 

T = T{p) = / -J^ + ' 



Iv^(p) \Al{v)\ Jy_(p) \A2{v)\ 

The argument supporting this conjecture goes as follows. Since V^'^ moves 
much slower than X^'^ we can freeze the former and in place of (I2.9.1|) we can study, 
first, (|2.9.5p . Applying the arguments of Theorem l2.2.7l to the pair X, Y from (|2.9.5p 
we conclude from (|2.2.35p that the intermediate motion X^'"^ most of the time stays 
very close to either Oi or O2 before it exits from the corresponding basin, and so 
in view of an appropriate averaging principle (which follows, for instance, from 
Theorem I2.2.2p on bounded time intervals the slowest motion V^'^ mostly stays 
close to the corresponding averaged motion determined by the vector fields Ai and 
A2 given by (I2.9.7p . When X^^^ is close to Oi the slowest motion V^'^ decreases until 
V = V-{p) where Ri2{v) — p. In view of ()2.2.34p and the scahng (j2.9.9p between e 
and (5, a moment later Ri2{v) becomes less than p and X^''^ jumps immediately close 
to O2. There A2{v) > 0, and so V^^^ starts to grow until it reaches w = u-i- (p) where 
-R2i(^^) = p. A moment later i?2i(w) becomes smaller than p and in view of (|2.2.34p 
the intermediate motion X^'^ jumps immediately close to Oi. This leads to a nearly 
periodic behavior of V^'^ . In order to make these arguments precise we have to deal 
here with an additional difficulty in comparison with the two scale setup considered 
in previous sections since now the large deviations S-functionals from Theorem l2.2.2l 
and the i?-functions describing adiabatic fluctuations and transitions of Theorems 
12.2.51 and 12.2.71 depend on another very slowly changing parameter. Still, we can 
use the technique of Sections 12.61 and 12.71 above applied on time intervals where 
changes in the w-variable can be neglected should work here but the details of this 
approach have not been worked out yet. 

On the other hand, when the fast motion Y^'^ does not depend on the slow 
motions, i.e. when the coefficients a and b in (j2.9.ip depend only on the coordinate 
y (but not on v and x), then the above arguments can be made precise without 
much effort. Indeed, we can obtain estimates for transition times t^(1) and r'^(2) 
of X^'^{t/e) between neighborhoods of Oi and O2 as in Theorem 12.2.71 applying 
the latter to and Y'^ from (|2.9.5p with freezed w-variable. This is possible since 
the method of Proposition 12.6.11 requires us to make large deviations estimates, 
essentially, only for probabilities P{kT < T(i) < {k + 1)T}, i.e. on bounded time 
intervals, and then combine them with the Markov property arguments. During 
such times the slowest motion V^'^ can move only a distance of order ST. Thus 
freezing v and using the Gronwall inequality for the equation of X^ in order to 
estimate the resulting error we see that the latter is small enough for our purposes. 
Observe, that it would be much more difficult to justify freezing in the coeffi- 
cients (J and b of F^, if we allow the latter to depend on v, since a strightforward 
application of the Gronwall inequality there would yield an error estimate of an 
exponential in 1/e order which is comparable with 1/6. Still, it may be possible 
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to take care about the general case using methods of Section 12.31 since we produce 
large deviations estimates there by gluing large deviations estimates on smaller time 
intervals where the x-variable (and so, of course, w-variable) can be freezed. Next, 
set 

where now Y does not depend on e and S. Then by (|2.9.ip together with the 
Gronwall inequality we obtain that 

Jo 

where K is the Lipschitz constant of A. If x belongs to the basin Oi then according 
to Theorem 12.2.71 X^. and so also X^'^, stays most of the time near Oi up to its 
exit from the basin of the latter which yields according to the above inequality that 
V^''^ stays close to V^'^'^ during this time. But now we can employ the averaging 
principle for the pair V'^'^''^{t), Y{t) which sais that V^'^''^{t) stays close on the time 
intervals of order 1/Se to the averaged motion V^-'^'''{t) defined by 

Jo 

and in view of (12:9:9)1 . V^-^-^{t) decreases while V^^'^-'^{t) increases which leads to 
the behavior described in Conjecture 12.9. II 

A similar conjecture can be made under the corresponding conditions for the 
discrete time case determined by a three scale difference system of equations of the 
form 

V^'^{n + 1) - V^'^in) = eSA{V^^^{n), X^^^{n), Y^'^{n)), V^'^{0) = v, 
X^'^{n + 1) - X^'^{n) = eB{V^'^{n),X^'^{n),Y^^^n)), X^'^{0) = x 

where A and B are smooth vector functions and Y'^'^{n)) = Y^'^y{n), Y^'^y{0) = y 
are coupled with V'^'^{n) and X'^'^{n) perturbations of a parametrized by v and x 
appropriate family of Markov chains having smooth transition densities similar to 
those considered in Theorem 12. 2. 121 

2.10. Young measures approach to averaging 

In this section we derive the averaging principle and discuss corresponding 
large deviations in the sense of convergence of Young measures adapted to our 
probabilistic setup. For more detailed information about Young measures we refer 
the reader to [3] and references there. 

Let ^ belongs to the space P(IR'^ x M) of probability measures on R"* x M. We 
consider a random Young measure from ([0, T] x M'' x M, £t x /j.) to 7'(M'' x M) 
which we define by 

where £t is the Lebesgue measure on [0,T], (5tu is the unit mass at w, and X^, "K^ 
are the same as in (j2.1.ip . 

Suppose that fi G V{R'^ x M) has a disintegration 

(2.10.1) dti{x,y) = dn,iy)d\{x), A e V{R'') 
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such that for each Lipschitz continuous function g on M and any x, z G M.^, 

(2.10.2) I J gdfi, - J gdfi,\ < - z\ 

for some Kj^ > depending only on L where L{g) is both a Lipschitz constant of 
g and it also bounds \g\. Set 

(2.10.3) B{x) = J B{x,y)d^i^{y) 

and assume that (|2.2.ip holds true which together with (|2.10.2p yields that B is 
bounded and Lipschitz continuous, and so there exists a unique solution X^{t) = 
X^{t) of (|2.1.3p . For any bounded continuous function 5 on M'' x M define 

EI{t,6)^{{x,y)eW'-KM: E\- f g{x,Yly{u))du ~ -g{x)\ > 5} 

^ Jo 

where g{x) = J g{x,y)dfi^{y). 

In the spirit of [3j) we say that the Young measures converge as £ ^ to a 
Young measure ('^ defined by 

C%t,x,y) = X fiz^^t) e r{R'' X M), 

Zx{t) — X^{t/e), if for any bounded continuous function f{t, x, y) on ([0, T] x M'' x 
M, 

E\ [ {f{s,Xly{s/e),Yly{s/e)) - f{s,Z,{s)))ds\ ^ as e ^ 0. 



The following result provides a verifiable (in some interesting cases) criterion for 
even stronger convergence. 

2.10.1. Theorem. Let e V{M.'^xM) has the disintegration \2.10.1]) satisfying 
\2.10.^) . Then 
(2.10.4) 

hm / / E snp \ f {f{s,Xly{s/e),Yly{s/e))-f{s,Z,{s)))ds\dfi{x,y)=Q 



6^0 



M 0<t<T Jo 



for any bounded continuous function f = f{t, x, y) on [0, T] xM'^xM where f{t, x) = 
J f{t, x,y)d^x{y) if o,nd only if for each TV € N and any finite collection gi, ...^gN 
of bounded Lipschitz continuous functions on W^x M there exists an integer valued 
function n — n{e) — > 00 as £ — s- such that for any (5 > and I = 1, N , 
(2.10.5) 

hm max / / F{ (X,-,^(jt(£)), i;-,^(jt(£))) e Ef {t{e),5)}d^l{x,y) = 0, 

e^OO<j<n(e) Jjj-i Jm ' ' 

where tie) ~ —n-^. 

Proof. First, we prove that (|2.10.4p implies (|2.10.5p . Let gi,...,gN be 
bounded Lipschitz continuous functions on M"* x M and set 

(2.10.6) pl'^yit) = £ f {gi{Xly{s),Yl^is))~MXm))ds. 

Jo 

If 

Px!y= sup \pl'^yit)\ 
0<t<T/e 
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then by ()2.10.4p for each I = 1, N, 

(2.10.7) pt^ f f Epl:^ydpix,y)^0 Sise^O. 

JR-i Jm. 

Choose an integer valued function n{e) ^ oo as e ^ so that 

(2.10.8) n(e) max pf as e 

l<i<JV 

and let tie) = T/enje ). Set x j = X^.^(fct(£)), y| = i;%(fci(£)) and x| = X|(fct(e)), 

fc = 0, 1, .... Then by (|2.10.6p . 

(2.10.9) 

PliiU + me)) - PliUm) ^ £ / {9i{X',.^y.{u),Y^.^y.iu))-gi{X',.{u)))du 

Jo ] ] 1 1 ] 

where X^,y.{u) = Xly{jt{e) + u) and Y^.^^y^iu) = K,%(ji(e) + u). By ([IXID, 

(2.10.10) (5K^l5,,^^(w),>;'e,^e(7.)) 

< /o'"^ \X^^y.{u) ~ x'j\du < LiKien{e))^ 
where i/ is the Lipschitz constant of gi . Similarly, by (|2.2.ip and (|2.10.2p , 

(2.10.11) e| / {gi{Xl.iu))-gi{xf))du\<{Li+KL,)K{et{e))^ 

Jo ' 

and 

(2.10.12) \-gi{x^) - -gi{x^)\ < {Li + Kl,)^ - x]\ < {Li + KL,)pl,y. 
It follows from (|2.10.9p - (|2.10.12p that 

(2.10.13) I ttb /o^'^ gi{x),Y^.^y.{u))du - g,(xp| 

< TK{2Li + Ku)/n{e) + [U + Kl, + 2T-^n{e))p%^y. 
Given J > choose > such that for all e < es and I — 1, ...,N, 

TK{2Li + KL,)/n{e) < 5/2. 
Then by (9.13) and the Markov property, 

{{x^y) e R'' X M : (X|^^(jt(£)), y,-^,(jt(e))) G (t(e),5) C A,{5) 
^{{x,y)eW'xm: [Li + K^, + 2T-in(e))i?,.,,cp^.'^ > 5/2] 

where 

E,.^y. = E{ ■ \X^,Jjt{e)),Yly{jt{e))) 
is the conditional expectation. By Chebyshev's inequality 

(2.10.14) Ep{A,{5)) <^iLi+ Kl, + 2T-^n{e))Epl 

5 

By (I2.10.8p the right hand side of (|2.10.14p tends to as e ^ yielding (|2.10.5p . 

Next, we derive (|2.10.4p from (|2.10.5p . Since / in (|2.10.4p is a bounded function 
and A is a probability measure it is easy to see that it suffices to prove (|2.10.4p when 
the integration in x there is restricted to compact subsets of K''. But if x belongs to a 
compact set G C M'' in view of (|2.1.ip and (|2.2.ip the slow motion X^ yi^)^ well as 
the averaged one X^{s), stays during the time T/e in a i^TT— neighborhood Gkt of 
G. But on [0, T] X Gkt x M we can approximate / uniformly by Lipschitz continuous 
functions. Thus, in place of (|2.10.4p it suffices to show that for any compact set 
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G CM.'^ and a bounded Lipschitz continuous function / on [0, T] x Gkt x M with 
a Lipschitz constant L = L{f) in all variables, 

(2.10.15) lime^o£/G/M^supo<t<T/e | Jq {f{£s,Xly{s),Yly{s)) 

-f{ss,X'^{s)))ds\d^i^iy)dX{x) = 0. 

By (I2XT]1 . (12.10.211 and (|2. 10.311 . 

(2.10.16) e\ /„* (/(£s,X|^^(s),y4(s)) - /(£s,X,-(s)))ds| 

+ {L + /Ci)Tsupo<,<^/, |X|(s) - X|(s)|. 
By (I^XTH . (I^XTjl . and (1^1^ . 

l^l.W - - e| /o (i?(X,-,^(s),y,-,^(s)) - B{XI,{s)))ds\ 

< e\ /„* {B{Xly{s),Yly{s)) ~ B{X%^y{s)))ds\ 

+ {K + KK)ef^ \Xly{s) - X',{s)\ds. 

This together with the Gronwall inequality gives 

(2.10.17) snpo<t<T/e\Xly{t)~xm 

< e(M^)^£supo<,<^/, I /J {B{Xly{.s),Yly{.s)) - B{Xly{s)))ds\. 

Now we see that the integral term in the right hand side of (|2.10.17p is a particular 
case of the integral term in the right hand side of (|2.10.16[1 with f = B, and so it 
suffices to estimate only the latter. 

Set, again, 4 = X^ y{kt{e)), yl = Yly{kt{e)), xl = X^{kt{e)), fc = 0, 1, ... and 
fix a large N e N. Let I = [sjt{s)N/T] = [jN/n{e)] then by ^J^, (|2.10.ip and 
(12.10.211 . 

(2.10.18) e| {f{ejt{e)+eu,X-^.^y.iu),Y^.^^y.iu)) 
-f{lT/N,x^^,Y^%^y.iu)))ds\ < LT^{{Nn{e))-^ + {n{e))-^) 

+LeJ*^'^ l^x^^yjN - ^j\du < LT^/Nn{e) + LT\l + K)){n{e))-^ 

and 

(2.10.19) e| {J{ejt(e)+eu,X^^y.{u)) - f{lT /N,x)))du\ 

< LT^/Nn{e) + T^{L + LK + KKL){n{e))-'^ . 



2.10. YOUNG MEASURES APPROACH TO AVERAGING 



123 



Now using ()2.10.18p . ()2.10.19p together with the Markov property and assuming 
that I/I < Lf for some constant > we obtain 

(2.10.20) e£;supo<4<T/e | /o {f{es,Xly{s),Yly{s)) - J{es,Xly{s)))ds\ < 

2Lfet{s)+sEj:;it' I litff'^''^ (.fi^^^Xlyi^)^yiyi^)) - fies,xm)ds\ 
< 2Lfet{e) + sE j:;^'^' \ f^^''> {f{ejt{s) + ss, X^^^. {s), Y^.^^. {s)) 
-fi£jti>^)+£s,Xl^.y.{s)))ds\ 
< 2LT^/N + 2{LfT + T^{L + LK + KKL))/n{e) + et{e) 

^ J2l=0 '}2ln{e)/N<j<(l+l)n(e)/N,j<n(e) ^\'t(e) io' '' f (^"^ ^p^x^^ ,y^X^))ds 

-f{lT/N,x'^)\ < 2LTyN + 2{LfT + T^L + LK + KKL))/n{e) 

+et{e)n{e)5 + 2Lfet{e) Y.fS^^ J2ln(e)/N<j<{l + l)n(e)/Nj<n(e) 

P{{Xly{jt{e)),Ylyijt{s))) e SHm.S)} 

where fi{z,v) — f{lT/N,z,v). Integrating against ^ both parts of (|2.10.20p over 
G X M we obtain 

(2.10.21) £/g/m^ l/o (/(£s,X|^,(s),i;%(s)) 
-/(£s, Xly{s)))ds\d^lix,y) < 2{LfT + T^L + LK + KKL))/n{e) 

+2LT^/N + TS + 2Lf maxo<i<Ar_i m (e, 6) 

where 

mie,S)= ma^ ( I P{{Xly{jt{e)),Yly{jt{e))) e£f'{t{e),5)}d^i{x,y). 

0<j<ri(e)-l Jq 

By the assumption there exists an integer valued function n{e) — s- cx) as e — > such 
that (|2.10.5p holds true for all g ~ /o, /i, Jn-i and then maxo<i<Ar_i ?/i(e, (5) 
as e ^ 0. Hence, letting first e — > 0, then 5 — > and, finally, — > we 
obtain (|2.10.15p in view of p.l0.16p and (|2.10.17p . completing the proof of Theorem 
12.10.11 □ 

Observe that (|2.10.4p holding true for all bounded continuous functions is, in 
principle, stronger than the averaging principle in the form 

(2.10.22) lime / / E sup j^(t) - X^(i) |d/.t(x, y) ^ as e ^ 

JgJm a<t<T/e 

since (|2.10.22p is equivalent to (|2.10.15p with / = B. In fact, if we require (|2.10.5p 
only for one function g = B then it will be equivalent to (|2.10.22p which follows 
in the same way as the proof of Theorem l2.10.1l above . Still, the main interesting 
classes of systems, we are aware of, for which (|2.10.4p holds true are the same for 
which (|2.10.22p is satisfied though it is easy to construct examples of (somewhat 
degenerate) right hand sides B in (|2.1.ip for which (|2.10.22p holds true but (|2.10.4p 
fails (since in the latter we require convergence for all functions / and in the former 
only for f = B). 

It follows from 50 that the assumptions of Theorem 12.10.11 hold true when 
the unperturbed fast motions Yx_y{t) are diffusion processes on M so that fix is an 
invariant measure of Y^ on M ergodic for A-almost all x, where A is the normalized 
Lebesgue measure on a large compact in R*^, and Hx{U) — Jjj q{x,y)dm{y) with 
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q{x,y) > differentiable in x and y. This can be extended to random evolutions 
considered in previous sections. 

Observe that under assumptions of Theorem 12.2.21 we can obtain also large 
deviations bounds in the form (|2.2.10[) and (|2.2.1ip for 

Zlyit) = f f{s, Xlyis/s), Yly{s/s))ds 
Jo 

with the functional 

Sot{i) inf {Soril) ■ 5'ot(7) = So ^A'^t)dt, 
it = 5^t(7t), it = /o Us{s,ls)ds e [0,r]}, U{s,x) = f f{s,x,y)diy{y), 

where / is a bounded Lipschitz continuous vector function. The proof can be 
carried out quite similarly to the proof of Theorem 12. 2. 21 Analogous results can be 
obtained in the discrete time setup of difference equations (|2.1.7[) . 
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